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1 Introduction 



Backlund transformations have a long and distinguished history in the study of integrable dif- 
ferential equations. From the geometric viewpoint of exterior differential systems theory, two differ- 
ential systems I\ and X 2 , defined on manifolds Mi and M 2 , are said to be related by a Backlund 
transformation if there exists a differential system Bona manifold N and maps 



which define B as integrable extensions for both Xi and X 2 . Integral manifolds of Xi can then be 
lifted, by solving ordinary differential equations, to integral manifolds of B which then project by 
p 2 to integral manifolds of X 2 and conversely. 
The purpose of this paper is two-fold: 

[i] to show that Backlund transformations can easily be constructed using the general theory of 
symmetry reduction of exterior differential systems; and 

[ii] to prove that this symmetry approach to Backlund transformations leads to a very general, yet 
precise, understanding of Backlund transformations for Darboux integrable differential systems. 

Our first main result describes a very simple, group-theoretic method for constructing Backlund 
transformation. Let I be a differential system on manifold M and let p : M — > N be a smooth 
submersion. We define the reduced differential system X/p on N by 



In the special case where G is a symmetry group of I which acts regularly on M, we shall write I/G 
in place of X/qc, where q G : M — > M/G is the canonical projection to the space of orbits M/G. 

Theorem A. Let I be a differential system on M with symmetry groups G\ and G 2 . Let H be a 
common subgroup of G\ and G 2 and assume that 

[i] M/H, M/G\ and M/G 2 are smooth manifolds with smooth quotient maps q# : M — > M/H, 



(B,N) 




(Xi.Mi) 



(X 2 ,M 2 ) 



(1.1) 



x/p = {een*(N)\ P *(e) ex}. 



q Gl : M -> M/Gi, and q Ga : M -> M/G 2 . 



Then 



1 




T/Gr 



X/G 2 



(1.2) 
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is a commutative diagram of EDS. Furthermore, if 
[ii] the actions of G\ and G 2 are transverse to X, 

then the maps (\q 1 , qG 2 > Pi an d P2 all define integrable extensions. The differential system B = 
I/H , together with the orbit projection maps pi and p 2 , defines a Backlund transformation between 
li = T/Gi andl 2 = 1/G 2 . 

Note that the fiber dimensions for the orbit projection maps pi and P2 defining the Backlund 
transformation (|1.2[) are given by the difference of orbit dimensions dim Oq x —dim Oh and dim Og 2 ~ 
dim Oh, respectively. Thus, the in particular case of free actions, Theorem A can be used to construct 
a Backlund transformation with 1-dimensional fibers only when G\ and G 2 have a common subgroup 
of co-dimension 1. 

Theorem A provides a powerful method for constructing Backlund transformations for a differ- 
ential system I 2 for which a non-trivial realization as a quotient differential system T 2 — I/G is 
known. In a recent article [5] the authors gave a significant generalization of the notion of Darboux 
integrability and proved that Darboux integrable systems always admit such a quotient representa- 
tion. The Lie group G used to construct the quotient representation is called the Vessiot group of 
the Darboux integrable system, in recognition of E. Vessiot's pioneering contributions to the study of 
such equations [35], [35]. Our next two theorems, Theorems B and C, demonstrate the decisive role 
that the Vessiot group plays in the construction of Backlund transformations for Darboux integrable 
systems. 

Theorem B. LetX 2 be a Darboux integrable differential system with Vessiot group G 2 and quotient 
representation X 2 =T/G 2 . Assume that dimG 2 > 1. Then there always exists a second symmetry 
group G\ of I for which the commutative diagram (jl.2p can be used to construct a Backlund transform 
between T 2 and the differential system I\ — T/G\. The differential systems B and Ti are Darboux 
integrable andl± has more (functionally independent) Darboux invariants thanl 2 . 

In this way one can construct a chain of Backlund transformations for Darboux integrable differ- 
ential system with increasing numbers of Darboux invariants. The chain terminates at a Darboux 
integrable system whose Vessiot group has dimension < 1. Theorem B allows us to quickly de- 
termine the Backlund transformations for all the Darboux integrable Monge- Ampere equations of 
the type considered in [13] , [T4] and [38]. In addition, we shall use Theorem B to construct new 
Backlund transformations for equations not of Monge- Ampere type; for equations which are Dar- 
boux integrable at higher jet levels; for systems of equations in several dependent variables; and for 
over-determined systems in 3 independent variables. 

The second main result of the paper establishes a partial converse to Theorem B, that is, given 
a Backlund transformation B for a Darboux integrable system T 2 , we prove that B itself is always 
Darboux integrable and we give necessary and sufficient conditions (which we call Darboux com- 
patibility) under which the right-hand side of the Backlund transformation (jl.ip coincides with the 
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bottom right-hand side of (|1.2p . We formulate this converse as a theorem on integrable extensions 
of Darboux integrable systems. 

Theorem C. Let (Z^-Ma) be a Darboux integrable differential system with Vessiot group G2 and 
quotient representation (Z^Afz) = (X/G2, M/G2). 

[i] If p : (£,N) — > (T2, M-z) is an integrable extension, then £ is Darboux integrable. 

[ii] Futhermore, if the pair of systems £ and T2 are Darboux compatible, then the Vessiot group H 
of £ is a subgroup 0/G2 and the differential systems (£,N) and (1/ H, M/ H) are locally equivalent. 

If B is a Backlund transformation between the wave equation v xy = (defining the system Ii) 
and a scalar Darboux integrable equation u xy = f(x 1 y,u,u x ,u y ) (defining the system I2) then, 
under the hypothesis considered in [2], we find that the pair B,%2 (or more precisely, the pair 
of first prolongations B^\ Z^ 1 ' ) is always Darboux compatible. Theorem C then implies that the 
Vessiot group H of B must be a subgroup of the Vessiot group G of 22- Consider, for example, the 
equation 



This equation is Darboux integrable and has Vessiot group SO(3). Since this group has no real 
2-dimensional subgroups, we deduce that (|1.3|) cannot be related to the wave equation by a real 
Backlund transformation with 1-dimensional fibers. This conclusion is at odds with Theorem 1 of 



The paper is organized as follows. In Section 2 we review the basic properties of integrable 
extensions and reductions of differential systems. Detailed structure equations for the symmetry 
reduction of Pfaffian systems by free group actions are presented in Section 2.3. Theorem A is 
proved in Section 3. Darboux integrable differential systems are introduced in Section 4 and a 
simplified criteria for Darboux integrability is given. The first part of Theorem C is established in 
Section 5. In Section 5.2 we introduce the notion of Darboux compatible integrable extensions for 
Darboux integrable systems I - these special extensions are required for Theorem C and are essential 
to our conclusions regarding (|1.3p . In Section 6 we generalize the group theoretic construction of 
Darboux integrable systems given in [3] to the case of reductions by non-diagonal group actions. 
Reductions by diagonal group actions are shown to give integrable extensions which are Darboux 
compatible in the sense introduced in Section 5.2. 

In Section 7 the Vessiot algebra of a Darboux integrable system is defined. It is shown that the 
prolongation of a Darboux integrable system is Darboux integrable and that the Vessiot algebra is 
unchanged under prolongation. The Vessiot algebras for Darboux integrable systems constructed 
by symmetry reduction are given in Corollary 17.71 The second part of Theorem C and Theorem B 
are proved in Sections 8 and 9. 

Examples are given in Section 10 and an application of the general theory developed in this 
article to the case of scalar Monge- Ampere equations in the plane in given in Section 11. 




(1.3) 
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2 Prelimenaries 

In this section we gather together a number of definitions and basic results on integrable ex- 
tensions and reductions of exterior differential systems. Conventions and some results from pQ are 
used. 

We assume that an EDS X, defined on a manifold M, has constant rank in the sense that each 
one of its homogeneous components TP C il p (M) coincides with the sections S(I P ) of a constant 
rank sub-bundle I p C A P (M). If A is a subset of fi*(M), we let (*4) a i g and (-A)diff be the algebraic 
and differential ideals generated by A. As usual, a differential system X is called a Pfaffian system 
if there is a sub-bundle I C A 1 (M) such that X — (<S(/))diff- 

Let I C A 1 (M) be a constant rank Pfaffian system. A local first integral of I is a smooth 
function /:[/—> R, defined on an open set U, and such that df £ I. For each point x £ M we 
define 

Z£° = span{ df x | / is a local first integral, defined about x }. (2-1) 

We shall always assume that I°° = \J x( zmIT i s a constant rank bundle on M. It is easy to check 
that I°° is the (unique) maximal, completely integrable, Pfaffian subsystem of I. 

The bundle I°° can be computed algorithmically from the derived flag of I. The derived system 
I' C I is defined pointwise by 

I' v = span{ 6 p | 9 G S(I) such that d6 = mod 7 }. 

Letting = I and assuming is constant rank we define /( fe+1 ) inductively by = 
(/(*))' for k = 0, 1 . . . ,N, where N is the smallest integer where j( Ar+1 ) = /W. Then is 
completely integrable and I°° = l( N \ More information about the derived flag of a Pfaffian system 
can be found in [5] and [24] . 

2.1 Integrable Extenstions of Differential Systems 

We recall the definition of an integrable extension [7|. First, if I and J are differential systems 
on the same manifold, we let X + J = (X U J7%ig- Note that X + J is differentially closed. Let 
p : N —> M be a surjective submersion and I an EDS on M. An EDS £ on N is called an integral 
extension of I if there exists a sub-bundle J C A 1 (N) of rank dim TV — dimM, such that 

ann(J) n ker (p„) = and £ = S{J) + p*{X). (2.2) 

Here ann( J) is the sub-bundle of vectors in TM which annihilate the I-forms in J. The first condition 
in (|2.2j) states that J is transverse to p. A sub-bundle J satisfying the two properties (12.21) is called 
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an admissible sub-bundle for the extension £ . If { } are 1-forms on N which define a local basis 
for S(J), then the second condition in (12.21) simply states that 

dC = mod{p*(X), C} or d£ u = mod {E 1 , p*(/ 2 )}. (2.3) 

The first condition in (I2.2[) insures that if s : P — > N is an immersed integral manifold of 5, then 
s = p o s : P — > M is an immersed integral manifold of X . Conversely, if s : P — > M is an integral 
manifold of I and Q = p _1 (s(P)), then the second condition in (|2.2p implies that £\q is a Frobenius 
system. 

A few remarks concerning this definition are in order. 
IE [i] If £ l = SiE 1 ) and X 1 = S{I l ), then equations (g^]) implies that 

E 1 = J ep*^ 1 ) and A 1 (N) = J®p*(A 1 (M)). (2.4) 

IE [ii] If p: £ — >• I is an integrable extension, then any complementary sub-bundle J to p*(/ x ) in 
E 1 satisfies (|2.2I) and is therefore admissible. 

IE [iii] If £ is an integral extension of I with respect to the submersion p, then £/p = X. 
IE [iv] If X is a Pfaffian system, then £ is a Pfaffian system with E — J © p* (/) and 

rank(£) = rank(J) + v and rank(£') = rank(J') + v, (2.5) 

where v is the dimension of the fibre of p, that is, v — rank(ker(p»)) = rank J. 

IE [v] If I is a completely integrable Pfaffian system, then equation (|2.5[) implies that £ is completely 
integrable. Moreover, if s : P — > N is the maximal integral manifold though xo E N for £ and 
s : P — s- M is the maximal integral manifold through p(a^o) € M for X, then p o s : P — ► s(P) is a 
local diffcomorphism. 

IE [vi] Suppose the Pfaffian system! satisfies (J 1 ) 00 = 0. Then, without loss of generality, it can be 
assumed that the integral extension £ also satisfies (E 1 ) 00 = 0. Indeed, let s : P —> N be a maximal 
integral manifold of (£ and let n : N — > M be tt — p o s. Then /C = s*(£ ) is an integrable 
extension of I on P satisfying (K 1 ) 00 = 0. 

IE [vii] Let (f> : (£,N) — > (I,M) be an integrable extension with J C T*N an admissible bundle 
and let tt n : (£M,jVM) (£,iV) and tt^/ : (XW,MW) (I,M) be the prolongations off and I. 
Then lifts to a unique map </>W : (£W , 7VW) — > (ZW , M' 1 ') which covers 4> and fl 1 ! is an integrable 
extension of XW with admissible bundle tt* n (J). 

2.2 Reduction of Differential Systems 

Recall from the introduction that if p : M — > N is a smooth surjective submersion and X an 
EDS on N, then the reduction of I with respect to p which is denoted by X/p, is the EDS on M 
defined by 

X/p = { e tt*(M) | p*6 el }. (2.6) 
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Note that 1/p is not necessarily constant rank without additional hypothesis. If the fibers of p arc 
connected, then the reduction 1/p can be computed using Corollary 2.3 of [5] which states that 
9 E 1 satisfies 9 = p*9 for some 9 G 1/p if and only if, 

X -> = 0, X- 1 <20 = for all X E ker(p„). (2.7) 

We now specialize to the case of reduction by a Lie symmetry group. Let G be a finite dimensional 
Lie group acting on M with action /j, : G x M —> M. Let be the Lie algebra of infinitesimal 
generators for the action fi and let C TM be the integrable distribution generated by the point- 
wise span of Tq- We will assume that all actions are regular in the sense that the orbit space M/G 
has a smooth manifold structure such that the canonical projection qc : M — > M/ G is a smooth 
submersion and Tq = kcr(qG„). 

The group G acting on M is a symmetry group of 1 if, for each g £ G and 6 E 1, fi*(0) E 1. 
Under these circumstances we define the symmetry reduction of 1 by G to be 

l/G = l/q G = {9en*(M/G) \<&(6)£l}. (2.8) 

In other words 1/G is the reduction given by equation (12 .6[) with respect to the submersion q<3 : 
M — > M/G. However, by utilizing the G-invariance of I, the computation of a local basis of sections 
for 1/G can now be done algebraically pp. This fact is not necessarily true for the reduction in (|2.6j) 
for generic p. In analogy with (|2.7p . a form 9 € fF(Af) satisfies = q^(^) for some 9 € f2P(M) if 
and only if is G-basic, that is, G semi-basic and G invariant so that 

X 9 = and fi* g (0) = 9 for all Ier G and .g G G. (2.9) 

A symmetry group G of an EDS 1 is said to be transverse to I if 

ann^ 1 ) nr G = 0, (2.10) 

The actions considered in this paper all satisfy the transversality condition (|2.10p . We shall sum- 
marize a few relevant facts from |ii about symmetry reduction by transverse actions. 

First, for any sub-bundle A p c A P (M), we define A P G sb to be the G semi-basic forms, that is, 

A G,sh = i a e A I x - 1 a = for a11 X e T g}- (2-11) 

It is clear that if A p is G-invariant, then A P G sb is G-invariant. If, in addition, A P G sb is a constant-rank 
bundle then there is a bundle A p C A P (M/G), of the same rank as A P G sb , satisfying 

q^(iP) = A p Gsh . (2.12) 

Furthermore, about each point x G M, there is an G-invariant open set U and a local basis {a 1 } for 
^ p lq G (^) sucn that {q G (a 1 )} is a local basis for A P G sb . 
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In the particular case of interest, namely when G is symmetry group of a differential system T and 
G is transverse to I, then these observations apply to the homogeneous components I p . However, as 
shown in 1 , transversality now automatically insures that spaces I G sb are all constant rank with, 
in particular, 

rank(/ 1 /G') = rank(7 G sb ) = rank(7 x ) - rank(T G ). (2.13) 

Consequently, the quotient T/G is a constant rank EDS. 

Algebraic generators for I adapted to the G-action are obtained as follows. Choose bundles J 
and a G-invariant, G semi-basic bundle Wo,sb such that 

Ih,sb ® J = I 1 and lh, s b®W G , sb = A 1 G , sb (M). 

It is a simple matter to show that A G sb (M) © J = A 1 (M) in which case 

lh, a b®J®W G , ab = A\M). 

Then, about each point x € M there is an open set U in M with 

X\ u = {0 i , 6 G ,rg) ah and(J/G)| qG(£/) = (r, f Q ) alg , where 

(2.14) 

J\u = s V <m{6 1 }, 7^ sb | t/ = span{^ = q^ a } and rg = cfcf a G fi*(W Gl .bk). 
By definition, I is differentially closed and hence 

d^ = mod (0*,^, rg) alg . (2.15) 

We shall give a refinement of this structure equations for the case of free group actions in section 
3.3. 

We shall need the following. 

Theorem 2.1. Let I be a Pfaffian system on a manifold M . Suppose G acts regularly on M with 
quotient map qc - M ~ > M/G, G is a symmetry group of I, and G acts transversally to I. If 
(7°°)G,sb and (I/G)°° are constant rank vector bundles, then 

(/ 00 ) G ,sb=q G ((//G) 00 ) and (I/G)°° = I°°/G. (2.16) 

Proof. We prove the second equation in (|2.16p . The first second then follows from (|2.12[) . We first 
remark that the transversality hypothesis implies that I/G has constant rank. Since the pullback 
of an integrable Pfaffian system is integrable and q G is injective, it follows that q G ((//G)°°) is a 
constant rank integrable sub-bundle of I and therefore q G ((//G)°°) C 7°°. By definition (|2.8I) . this 
implies that 

(7/G)°° c 7°°/G. 

To prove the reverse inclusion we deduce, from the assumption that (7°°) G!S b is of constant rank, 
that is, 7°°/G is a constant rank sub-bundle of 7/G. But 7°°/G is integrable [TS] and hence 7°°/G C 
(7/G)°° and the lemma is established. | 

For additional results on symmetry reduction of derived systems, see 0]. 



7 



2.3 Symmetry Reduction of Pfaffian Systems by Free Group Actions 

It will be important to have a refinement of the foregoing general results on reduction of differen- 
tial systems for the special case where the action of G, in addition to be being regular and transverse, 
is also free. In other words, we now consider a Pfaffian system / defined on a left principle G bun- 
dle M. Recall that a local trivialization for : M — > M/G consists of an G invariant open set 
U C M and a diffeomorphism $:[/—> q G (U) x G where <&(x) = (qc^a;), <f>(x)) and <j>: U — > G is 
G-equi variant, that is, <fi(n(g,x)) — g<j)(x). 

For the r-dimensional Lie group G we make the following choices. Let Zi, 1 < i < r be a basis 
of right invariant vector fields, and let t % be the dual right invariant one-forms to Zi on G. Let 
[Z^ Zj] = C^jZk. Define the matrix- valued function A:G-> GL(r, R) by 

Ad* (g)(r i )=X(g) i j ^, (2.17) 

where Ad* is the co-adjoint representation of G. Equation (|2 . 1 7[) implies that 

L* g r i = X{g^)y, (2.18) 

where L g is left multiplication on G by g. Since Ad* (g g') = Ad*(g)Ad*(<?') we also deduce that 

\(gg%=\(g)i?\(g')i (2.19) 

The differential of Ad is ad and so the exterior derivative of (|2.17p gives 

d\)=X k C*T l . (2.20) 

In this appendix we provide the missing details for Section 2.2. We begin with the proof of 
equation (|2.20p . With {Zi} the basis of right invariant vector-fields we first computes X^Z^e) by 

^A(exp(^ i ))(^(e))| t . = j t (K M - tZi ) ° K^tz^ (e))|*=o 

Therefore 

d\){e) = Cl } uj k . 

Then we may use property 2.42 (|2.19[) to compute X*(Zi(a)). Since Zi is a right invariant vector-field 
we have 



^A(exp(^<.| t=0 = AUa)^A^(exp(tZ,)| t=0 = \i{a)Ch (2.22) 



d 

which establishes (|2.20p . 



Theorem 2.2. Let I be a Pfaffian system on a manifold M . Let G be a symmetry group of I which 
acts freely and regularly on M and transversely to X. Let {X\, X2, ■ ■ ■ X r } be a basis of infinitesimal 
generators for the action of G on M corresponding to the choice of right invariant vector-fields Zi 
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above, with structure equations [Xi, Xj\ = C^Xk- Then about each point x G M there exists a 

G-invariant open set U and a co-frame {9 l ,r) a ,a a } on U such that: 

[i\l={6 i ,7 ] a ) diff ; 

[ii] the forms rf , a a are G basic; 

[iii] the forms 9 % satisfy 9 l (Xj) = S 1 -, 

[iv] fi*9 l — A(<? ^•tf-', where Xj(g) is the matrix defined in equation (|2.17[) ; and 

[v] where the structure equations are 

cla a = 0, dn a = mod { a a , rf }, 

1 (2.23) 
dff = Ai a a A a* + Bi pn a A/- -C) k 0* A 9 k . 

Proof. Let n = dim(M), r = dim(G), and p — rank/ 1 . Again, because the action of G is free and 
regular, we may choose a local trivialization with open set U and map (q^ ,<j>) : U — > U X G where 
U is a coordinate chart on M. Let J 1 , J 2 , ... , J n ~ r be a set of coordinates on U, whose pullback to 
U which again we denote by J , . . . , J n ~ r are G-invariant. Since the rank of T*Mc, s b is n — r, the 
differentials of these invariant functions give a basis for ft 1 (U)G,sb- 

On account of (|2.14[) . we may assume that on the G-invariant open set U, { n 1 , i] 2 , . . . , rf~ r } is 
a basis of G-invariant sections for Iq sb , restricted to U. Since Iq sb C T*Mq s b, we can chose a set 
of differentials a a = d,J ka complementary to the 1-forms rf. This gives r2 1 (C/)c !S b = span{ rf , a a }. 
The forms a a are closed, by construction, while the second set of structure equations follow from 
the fact that the forms rf are G-basic. 

Let u) % = </>*(t 1 ), where t % are the right-invariant forms on G defined above and dual to Zj. Note 
that uJ l {Xj) = Sj, and 

The forms {w 1 , 77°, a a } are a basis of sections of T*U. 

Now choose 1-forms { 6 1 , . . . 9 P } so that { 9 l , if } is a basis of sections for I 1 , restricted to U. We 
can write 

9 l = P]u l + S*X + f> Q . (2.24) 

Transversality implies that the matrix is invertible and therefore there are smooth functions 
SI, T % a on U such that, for each i = 1 . . . r, 

lo 1 + S l a n a + T a a a G X. (2.25) 

Since rf G I, this implies that 

9 l = to 1 + T a a a G X. (2.26) 
At this point the 1-forms { 9 l , 77°, a a } satisfy parts [i], [ii], [iii] of the theorem. 
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To show [iv] first note that by the equivariance of (j> and equation (|2.18[) . 

= ^*(r l ) = o-l.-Xu, (2.27) 

Now using the G-invariance of a a and equation (|2.27l) we have 

(ip'igp) = X(g l ))J{p) + T a {gp)a a {p). (2.28) 

Since X is invariant fi*9 l g S^lu), and equation (12.28)) leads to 

H*6 i = X(g^ 1 ) i jd j and T^(gp) — X(g^ 1 ) i J T^(p). 

This proves property [iv] . 

Finally we complete the proof of part [v] of the theorem. By direct calculation using equation 
(|2T2"rJj) . we have 

d9 l = duj 1 + dT l a a a = Af)k ^ A a; fc + dTl A a a 

= -]f) k 9 J A 9 k + C) k X% (P Act' 3 — l -C) k TiT k p a a A ^ + dT a A a". 

There are no 2-forms of the kind 9 l A rf in this formula for d9 % . Moreover, since the vector fields Xi 
are infinitesimal symmetries for I. it follows that Xg — 1 d 9 l £ I and therefore the terms of the kind 
9 1 A <j a (appearing in C^ k T^9^ A cr' 3 and dT l a A a a ) must cancel out. This leads to the structure 
equations (|2.23j) for the l-forms 9 l . | 

3 Reduction of Differential Systems 

In this section we shall prove Theorem A. 

3.1 Reductions of EDS and commutative diagrams 

We begin with a theorem which shows that reduction of EDS behaves well with respect to 
commutative diagrams. 

Theorem 3.1. Let 



P 




M 



10 



be a commutative diagram of manifolds and suppose that pi and P3 are surjective submersions. 
Then P2 is a surjective submersion and 



(3.2) 




1/P3 



is a commutative diagram of EDS. 



Proof. The fact that P2 is a surjective submersion is easily checked. The definitions of (Z/pi)/p2, 
I/pi and I/p3 imply, in turn, that 

(X/pi)/pa = {6e n*(M) | p* 2 9 G X/pi } = { ^ G n*(M) | pj(p|0) G 1} 
= {0Gfi*(M) | P *0ei}=2:/p3 

which establishes the commutativity of the EDS reduction diagram Q3.2[) . | 

For future reference, we remark that the commutative diagram (|3.1|) also implies that 

kerp 2 * = piH,(kerp 3 »). (3.3) 

Corollary 3.2. Let G be a symmetry group of an EDS I on a manifold M which acts regularly on 
M. Let H C G be a subgroup of G which also acts regularly on M. Then the orbit mapping 



p : M/H -> M/G defined by p(Hx) = Gx 
is a surjective submersion which gives rise to the following commutative diagram of EDS 



(3.4) 




(3.5) 



that is, (l/H)/p = l/G. 

Proof. The given hypothesis leads immediately to the commutative diagram 

M 




M/G , 

where qc and q# are surjective submersions. Theorem 13.11 then implies that p is a surjective 
submersion and that the diagram (13.51) commutes. | 
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Proof of part [i] of Theorem A: Apply Corollary 13.21 to each of the two cases H C G\ and 

H C G*2 and this immediately produces the commutative diagram (|1.2p . 

Remark 3.3. Let G act freely and regularly on M. If K c G is a closed subgroup, then K acts 
freely and regularly on M. If, in addition, if is a normal subgroup of G, then the natural action of 
G/K on M/K is both free and regular. If G is a symmetry group of I, then G/if is a symmetry 
group of X/K. By Corollary [XU 

I/G = (1/K)/(G/K), 

where the projection map p in (|3.5[) is now the quotient map for the action of G/ K on M/K . Finally, 
if G acts transversally to X then G/if acts transversally to X/K. 

3.2 Subgroup Reductions and Integrable Extensions 

The proof of part [ii] if Theorem A follows directly from the following general result. 

Theorem 3.4. Let G be a symmetry group of an EDS X on a manifold M . Assume G acts regularly 
on M and transversally to X, and let H c G be a Lie subgroup of G which also acts regularly on M . 
Then the orbit mapping p in (|3.5I) defines X/H as an integrable extension ofX/G. 

Proof. The transversality assumptions on G and H insure that the quotient bundles I 1 /G and L 1 / H 
are constant rank and consequently we may construct a constant rank bundle K C A 1 (M/H) such 
that 

I 1 /H = K®p*(I 1 /G). (3.6) 

We shall show that 

ann(A) n kcr(p*) = and X/H = S{K) + p*(X/G). (3.7) 

so that K is an admissible bundle which defines X/H as an integrable extension of I/G. To begin, 
we first note that: (?) the application of (|3.3p to the diagram (|3 . 5[) yields 

ker(p*) = q H *(r G ); (3.8) 
so that the first condition in p.7[) is equivalent to 

q^(ann(A H .sb)nr G ) = where A H , sb = q^(A); (3.9) 
(ii) the commutativity of (|3.5[) , together with (I2.12[) , implies that 

4,.b = 4sb © K HtSb (3.10) 
and; (m) transversality (see (|2.13jl ) gives 

rank(Aff. s b) = rank/j^ sb — rank/g sb = rankr G — rankT#. 
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This, in turn, implies that 

rank(Ajy iSb (M)) = A 1 (M) - rankl^ = rank(A G >8b (M)) + vank(K H , 8 b) (3.11) 

and hence A^ sb (M) = A G sb (M) ffi ATf/, s b. Now choose complementary bundles Wc,sb and L such 
that 

4,sb®^G,sb=A^ sb (M) and I l HtSh ®L = l\ (3.12) 

in which case 

Aff, sb (M) - A Gsb (M) © X ff>sb - J Gsb © W G>sb © K H:Sh . (3.13) 
This equation shows that 

T G n ann(if ff:Sb ) = ann(I Gsb © W G , sb ) H ann(A H , sb ) = ann(J G sb © VK G , sb © # ff , sb ) 
= ann(A^ )Sb (M)) = r H 

which immediately implies (I3.9p . 

To check the second equation in (|3.7p . we shall refine the local co-frames (|2. 14[) using (|3.1(jp - 
Since sb © L — J 1 — Iq sb ffi ,/, we can deduce from (|3.10l) that 

J = KH.sh © L and hence J G sb ffi A ff , sb ffi L ffi W GjSb = A 1 (M) . 

Accordingly, about each point of M, there is an open set U and forms 9 U , 9 t h ,9q, Tq with 

L|£/=span{0 u }, ^H, sb |£/=span{^ = q^ r }, ^ = span{ # G = q G a }, 

X| [7 = <^,^^ G ,ra>ai g! i?| qH([0 =span{6> r } and (I/G)| qc(c/) = ( S a , f a ) alg , 

where = q G (f Q ) e A*(T^ G:Sb ). Put 9 a = p*(9 a ) and f Q = p*(f Q ). Then, in terms of these 
forms, we have 

(p,(X/G)) alg | qjf(c/) = (r,f Q ) alg and (X/ J ff)| qH(c/) = (0 > ,r,f") alg (3.14) 
and the second equation in (|3.7p is proved. | 



Corollary 3.5. Let G be a symmetry group of an EDSX on a manifold M . Assume G acts regularly 
on M and transversally to X. Then I is an integral extension of the reduced differential system X/G. 

Corollary 3.6. Under the hypothesis of Theorem \3.4\ the diagram (I3.5P is a commutative diagram 
of integrable extensions. 

Proof of part [ii] of Theorem A: The transversality hypothesis in part [ii] of Theorem A allows 
to apply Corollaries 13.51 and 13.61 to the two cases H C G\ and H c G2 • 



We remark that I is a rather special type of integrable extension of X/G and perhaps deserving 
of the designation integrable extension of Lie type. Indeed, it is shown in [I], in the special case 
where I is Pffafian and the action of G is free, that the integral manifolds for X can be constructed 
from the integral manifolds of X/G by the integration of ODE's of Lie type. 
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4 Darboux Integrable Differential Systems 



In this section wc review the definition of Darboux integrable differential systems and we state 
a new result which simplifies the conditions of this definition. We begin with the definition of a 
decomposable differential system and the notion of a Darboux pair as found in (3J. 

Definition 4.1. An exterior differential system I on M is decomposable of type \p,p], where 
p, p > 2, if about each point x £ M there is a local co-frame 

6\ fiT, o\ u\ a", (4.1) 

such that X is algebraically generated by 1-forms and 2-forms 

i={e\ e r , h\ h s , h\ rr) alg , (4.2) 

where s, r > 1, f2 a € ri 2 (o -1 , . . . , <r p ), and f2 a € r2 2 (a 1 , . . . , The differential systems algebraically 
generated by 

V = (6 e ,a a ,n a ) alg and V = (6 e ,a a ,n a } alg (4.3) 

are called the associated singular differential systems for X with respect to the decomposition 
P~2"j) . while the bundles V, V C T*M defined by 

V = {9 e , a a } and V = {9 e , a a } (4.4) 

are called the associated singular Pfaffian systems. 

Equation (|4.2[) implies that the 1-forms 9 e satisfy structure equations of the form 

d6 e = A e ab a a A a b + B% p a a A a & mod{fi e }. (4.5) 

In particular, any class r hyperbolic differential system, as defined in [5], is a decomposable differ- 
ential system of type [2, 2]. The associated characteristic systems defined in [8] coincide with the 
singular Pfaffian systems (|4.4[) . 

The definition of a Darboux integrable differential system is given in terms of its singular Pfaffian 
systems. 

Definition 4.2. A pair of Pfaffian systems V and V on a manifold M define a Darboux pair if 

[i] V + V ca = T*M and V + V°° = T*M, and (4.6) 

[ii] V^DV 00 = {0}. (4.7) 

A decomposable differential system X is Darboux integrable if its the singular Pfaffian systems 
(|4.4p define a Darboux pair. 
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This definition of Darboux integrability is slightly more general than that given in [3J , where it 

A V 

was assumed that the singular systems V and V are Pfafhan systems. It is a simple matter to argue 
([3], Section 2.2) that if X is a Darboux integrable, then about each point of M there exists a local 
co-frame { 9, fj, fj, &, a } such that 

f = span{ 0, f), 17, <r }, f 00 = span{ t), <r }, 
/ = span{ 9, r], T]} and v v (4.8) 

V = span{ 9, r), r), <r }, V°° — span{ 17, <r }. 

Such co-frames are said to be O-adapted co-frames with respect to the Darboux pair {V, V}. 

The next theorem greatly simplifies the task of verifying that a decomposable differential system 
is Darboux integrable. This simplification will be used in Section 5.1 to prove the first part of 
Theorem C. 

_ /\ ^ 

Theorem 4.3. Let X be decomposable differential system with singular Pfaffian systems V and V 

and suppose that (I )°° — (V n V)°° = { 0}. // V and V satisfy conditions [i] in the definition of a 

Darboux pair, then condition [ii] is automatically satisfied and X is Darboux integrable. 

Remark 4.4. The examples we shall study arise from partial differential equations and therefore 
come naturally with an independence w 1 A ■ • - Aw"' ^ 0. In these examples the associated differential 
systems are decomposable and there exists local co-frames 

9 1 § r w 1 u) mi t 1 f Pl uj 1 LJ m ' 2 t 1 f p2 

with mi + pi > 2, ni2 + P2 > 2, 

cj 1 A • • • A w m = (2- 1 A • • • A (2> mi A a} 1 A • • • A w™ 2 , (4.9) 

and where the two forms Vl a and Q a now assume the form 

Q a = L a bc r b Ai c and SJ^I^t^Aw 7 . (4.10) 

In this situation we can re- write the structure equations (|4.5I) as 

d¥ = A e ab r a Au> b +B°pT a Au) mod9 e . (4.11) 

I 

5 Integrable Extensions of Darboux Integrable Differential 

Systems 

In section 5.1 we shall use Theorem 14.31 to prove the first part of Theorem C. Then, in Section 
5.2, we introduce a special class of integrable extensions for Darboux integrable systems which we 
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call Darboux compatible integrable extensions. Such extension arise very naturally in the 
construction of Darboux integral systems by symmetry reduction in Section 6, in the proof of the 
uniqueness of the local quotient representation in Section 8, and in the analysis Darboux integrable 
Monge- Ampere equations in Section 11. 

5.1 Proof of Part [i] of Theorem C 

Theorem 5.1. Let p : (£ , N) — > (X, M) be an integrable extension with £ = S{J) +p*(X) and J an 
admissible sub-bundle ofT*N. 

[i] If I is decomposable of type [p, p\ with singular systems V and V , then £ is decomposable of type 
[p, p] with singular systems 

Z = S{J) +p*(V) and Z = S{J) +p*(V). (5.1) 
The singular Pfaffian systems are 

Z = J®p*{V) and Z = J®p*(V). (5.2) 

[ii] If I is Darboux integrable, and (5 1 ) 00 = 00, then the integrable extension £ is Darboux integrable. 

Proof. Let {8 e , o a , a a } be a local co-frame on Uq C M and let f2 c , VL 1 be two- forms on Uq such 
that (see equation (|4.2p ) 

The structure equations for the 1-forms 9 e are (see (|4. 5|) ) 

c# = A e c fr + B^W mod{0 e }, (5.3) 

and the singular systems are (see (|4.3p ) 

V\u = (6 e ,a a ,W) alg . and V|y = ( 6 E , a a , ) alg . 

Now choose an open set U C p -1 (?7o) and a local basis of sections £ u for J. Allowing for a 
slight abuse of notation, we have that the 1-forms {8 e , £ u , a a , a a } are a local co-frame on U. By 
the integrable extension property (|2.3p the structure equations for £ are (|5.3|) and 

dC = AC + G^A9 e + n c + L^W, (5.4) 

where the F™, G" are 1-forms on U and Hjf, L 1 ^ € C°°(U). On account of these structure equations, 
we have that 

f| £/ = (^ j r,^,^)alg (5.5) 

1 Scc remark IE [vi] on page 4. 
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and £ is clearly decomposable of type \p, p] with the singular systems 

Z\u = {6 e ,e,Z a ,W)^ and Z\ v = ( 6 e , C, * a ,h c )ai g . (5.6) 
The corresponding singular Pfaffian systems are 

Z\u = {¥, C^ a } and Z\ u = {e e ,e,5~}. (5.7) 

Equations (|5TH|) and (|577|) prove (15TTj) and (j5T2"j) . 

To prove part [ii], suppose that X is Darboux integrable in which case we have V + V°° = T*M. 
By equation (|5.2[) we have p* (V°°) C Z°° and therefore, on account of the hypothesis V+V°° = T*M 
and (I2.4[) we deduce that 

Z + D J + p*(1>) +p*(F°°) = J® p*(t> + F°°) — J (S p*(T*M) = T*N. 

This proves that the first part of condition [i] in equation (14.61) is satisfied. The second equation 

A V 

is similarly proved. Theorem 14.31 then shows Z and Z define a Darboux pair, and so £ is Darboux 
integrable. | 

We remark that if p: (£, N) — > (I, M) is an integrable extension of decomposable systems £ and 
I, then the relations (I5.2j) between the singular systems for £ and I need not automatically hold. 

5.2 A special class of integrable extensions for Darboux integrable dif- 
ferential systems 

Theorem 15.11 shows that the property of Darboux integrability is preserved under integrable 
extension but without further assumptions one cannot in general determine the number of Darboux 
invariants for the extension in terms of the number of Darboux invariants of the base differential 
system. This, in turn, implies that one cannot, in any meaningful way, characterize the Vessiot 
algebra (the fundamental algebraic invariant of a Darboux integrable system, see Section 7) of the 
extension in terms of the Vessiot algebra of the base differential system. 

In this section we introduce a class of integrable extensions p : (£,N) — > (I,M) for which the 
geometric properties of £ and I, in regards to their Darboux integrability, are tightly related. 

Definition 5.2. Letp: (£,N) — > (X,M) be an integrable extension of decomposable systems £ and 
X with singular Pfaffian systems {Z, Z} and {V, V} respectively. 

[i] The extension (£,I) is said to be compatible with respect to the singular Pfaffian systems 

{Z, Z} and {V, V} if there is an admissible sub-bundle J C T*N (see (|2.2|) J such that 

Z = J(Sp*{V) and Z = J®p*{V). (5.8) 
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[ii] The extension (£,T) is Darboux compatible if there exists a sub-bundle J C Z°° n Z which is 
simultaneously an admissible sub-bundle for the 3 integrable extensions p. £ — ¥ I, p. Z — > V and 
p: Z°° — > V°° , that is, 

£ =5(J)+p*(I), Z=S(J)+p*(V), Z°° = J®p*(t>°°), (5.9) 

and, similarly, a sub-bundle J C Z°° fl ^ suc/i 

f =5(J) + p*(I), Z=S(J)+p*(V), Z°° = J®p*(V°°). (5.10) 

The last equations in (I5.9[) and (|5.10[) state that the number of Darboux invariants for each 
singular Pfaffian system of £ is rank( J) more that those for the corresponding Pfaffian systems 
of I. In terms of this definition, Theorem 15.11 states that if p: (£,N) — > (I,M) is an integrable 
extension and I is decomposable, then there always exists singular Pfaffian systems for £ which are 
compatible. We shall see in Theorem 16.41 that Darboux compatible extensions naturally arise when 
integrable extensions are constructed by group reductions using diagonal actions. 

Remark 5.3. Darboux compatibility implies that if 0: P —> N is an (immersed) integral manifold 
for Z°° , then p o is an integral manifold for V°° . Moreover, if (0, P) is of maximum dimension for 
Z then, by IE [v] in Section 2, (p o <f>,P) is of (the same) maximal dimension for V . 

If s\ : P\ — > N is an integral manifold of Z°° of maximal dimension, then s*(j) = 0. By virtue 
of this observation and the second equation in (|5.9p . we conclude that 

s\{Z) = s\{S{J) + p*(V)) = s\ o p*(V). (5.11) 

The next theorem gives alternative criteria for an integrable extension to be Darboux compatible. 
This result will be used in Sections 6 and 11. 

Theorem 5.4. Let p: (£,N) — > (T,M) be an integrable extension of decomposable systems £ and 
X with the compatible singular systems {Z, Z} and {V, V} respectively. Assume that £ is Darboux 
integrable. Then (£,I) is Darboux compatible if and only if 

[i] ker(p*) n ann(Z°°) = 0, ker(p„) n ann(Z°°) = and 

[ii] rank(Z°°) = rank(ker(p»)) + rank(V r °°), rank(Z°°) = rank(ker(p*)) + rank(y°°). 
The rank equalities [ii] imply that the number of independent Darboux invariants for Z and Z 

A v 

is increased from the number of independent Darboux invariants for V and V by exactly the fiber 
dimension of the submersion p. 

Proof. It is easy to check that (I5.9|) and (|5.10[) implies conditions [i] and [ii] of Theorem 15.41 To 
prove the converse, we shall need the following rank equalities 

rank(Z°° n Z) = rank(ker p») + rank(V"°° n V) and (5.12) 
rank(Z°° n ann(kcrp»)) = rank(Z°°) — rank(kerp„) (5.13) 
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which we now derive from the hypothesis of Theorem 15.41 

Since 8 is Darboux integrable, (|4.6[) implies that Z + Z = T*N and thus 

dimTV = rankZ°° + rankZ - rank(Z°° n Z). (5.14) 

Therefore, on account of equation (|5.14j) . condition [ii] in Theorem 15.41 equation (|4.6|) and the 
definition of integrable extension (to compute dim TV), we obtain 

rank(Z°° f~l Z) = rank Z°° + rank Z — dim N 

= [rank(kerp*) + rankV^ 00 ] + [rank(kerp„) + rankV] — [rank(kerp*) + dimM] 
= rank(ker(p*)) + r&nkV 00 + rankV^ — dimM = rank(kerp*) + rank(V°° n V"). 

Next, we calculate the dimension of the sub-bundle Z°° n ann(kerp*), using the transversality 
condition [i] in Theorem l5.4[ to be 

rsadk{Z°° n ann(kerp*)) = dim(JV) — rank(ann(Z°° n ann(ker p*))) 

= dim(iV) — rank(ann(Z°°) + kerp*) = dim(JV) — rank(ann(Z°°)) — rank(ker p») 
= rank(Z°°) — rank(kerp*). 

Equations (|5.12p and (|5.13l) are now established. The rank conditions in [ii] then give 

rank(Z°° n ann(kerp*)) = rank(V°°) = rank(p*(t>°°)). (5.15) 

The inclusions (see (|5.8|) ) 

P *{v)cz, p*(y 00 )cz 00 , P *(i/)cz, p*(y 00 )cz 00 (5.16) 

imply that we can choose sub-bundles J C Z n Z and J C Z n Z such that 

z°° nz = jffip*(T>°° nv) and z°° nz = J ®p*(y°° nv). (5.17) 

Equation (|5.12p (and the above formula for Z°° n Z) imply that 

rank J = rank J = rank (ker p*). (5.18) 
We claim that the bundles J and J satisfy (|5.9[) and (|5 . 10[) . 

A v 

The next step in the proof is to check that these complementary bundles J and J are transverse 
to p. We begin by noting that the inclusions (|5 . and rank equality (|5 . 1 5[) imply that 

i°°nann(kerp >t ) =p*(y°°). (5.19) 

A 

Since rank(J) = rank(kerp*), transversality is equivalent to the non-degeneracy of the canonical 

A A 

pairing, restricted to (kerp„) x J. Let a € J and suppose a(X) = for all X € kerp*, that is, 
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A A A A, N«* A 

suppose a 6 J P . s b- Since J C Z and J C Z we have a € ^p,sb an d a S ^ P , s b- Equation (|5.19|) 
implies a £ p*(V°°) while equation (|5.2[) implies a £ p*(V). Therefore a £ p*(V°° n V), and so by 
(15TPTD . a = 0. 

A, V Al A QQ 

Transversality shows that JH p*(T^) = Jn p*(V ) = {0} and therefore, by dimensional consid- 
erations, 

Z = J®p*(V), Z°° = J®p*(V°°), Z = J®p*(V), Z°° = J®p*(V°°). 
Finally, from the definition of Darboux pair, we have Z <~) Z C E and Z Z C E and therefore 

A v An^An^ 

J C E and J C E . The assumption that the singular systems {Z, Z} and {V^, are compatible 
implies that 

ranki; 1 - rankp*(/ x ) = rankZ - rankp*(f>) = rankZ - rankp*(t/). (5.20) 
Thus, again by dimensional considerations, 

E 1 = J@p*{I 1 ) = J®p*(I 1 ) (5.21) 
and the proof is complete. | 

6 Group Theoretic Constructions of Darboux Integrable Sys- 
tems 

Let G be a Lie group acting on manifolds Mi and M2 . In Section 3 of [3] a general group theoretic 
construction of Darboux integrable systems was given, based upon symmetry reduction with respect 
to the diagonal action Gdiag on the product manifold Mi x Mi. In this section we extend this result 
to the more general case of symmetry reduction by subgroups L of the product group G x G. We 
also show, in the special case of the diagonal action Gdiag, that symmetry reduction leads to pairs of 
Darboux integrable systems which are always Darboux compatible in the sense described in Section 
5.2. 

To begin, let K,\ and IC2 be EDS on manifolds M\ and M2. Then the direct sum K,\ + IC2 is 
the EDS on M\ x M2 which is algebraically generated by the pullbacks of K,\ and K2 to M\ x A4 2 
by the canonical projection maps 7r a : M\ x M2 — > M a . The system K\ +IC2 is clearly decomposable 
with singular Pfaffian systems 

W = Kl®T*M 2 and W = T*M X ® K\. (6.1) 

A 

It is a simple matter to check that { W, W} form a Darboux pair if and only if {K£)°° = 0. Let L 
be a subgroup of the product group G x G, let p a '■ G x G — > G, a = 1, 2 be the projection onto the 
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a th factor and let L a = p a (L) C G. The action of L on Mi x M2 is then given in terms of these 
projection maps and the actions of G on M\ and M2 by 

e-(x 1 ,x 2 ) = (pi(e)-x 1 , p 2 (t)-x 2 ) forieL. (6.2) 

The projection maps 7r a : Mi x M2 — > M a are equivariant with respect the actions of L and L a , that 
is, for any I 6 L and a; € Mi x M 2 

7r (£- : r)=p (£)-7r Q ( : r). (6.3) 

In the special case of the diagonal action Gdiag, each L a = G and the actions of L a on M a coincide 
with the original actions of G on M . No assumptions will be made regarding the dimensions of the 
Lie groups L a . 

We also suppose that L acts regularly on Mi x M2 and let : Mi x M 2 — > (Mi x M2)/ L be 
the canonical submersion. For a given point (pi,p 2 ) £ Mi x M 2 , let lm x ■ Mi —> Mi x M 2 and 
lm 2 '■ M 2 — > Mi x M 2 be the inclusion maps. 

Hh{xi) = (xi,p 2 ) and l M2 (x 2 ) = {pi,x 2 ) and set 

(6.4) 

iMa = Ql o LM a ■ M a (Mi x M 2 )/L 

Let qi a : M a — > M a /L a be the canonical quotient maps. By the L-equivariance of the projection 
maps 7r a (see (|6.3p ). we can then define maps 



p a : (Mi x M 2 )/L M a / L a (6.5) 



such that the diagrams 



Mi x M 2 — >■ (Mi x M 2 )/L Mi x M 2 — > (Mi x M 2 )/L 



7Tl 



Pi and 7T2 



P2 (6.6) 



Mi — y Mi/Li M 2 — y M 2 /L 2 

commute. If we make the slightly stronger assumptions that the groups L a act regularly on M a , 
then the maps qi a and q^ a o ir a are smooth submersions and hence, by Theorem 13.11 the maps p a 
are smooth submersions. 

The following theorem summarizes the essential facts regarding the construction of Darboux 
integrable systems by symmetry reduction. 

Theorem 6.1. Let JC a , a = 1, 2 be exterior differential systems on M a , a = 1, 2 and let 

W = K\ + T*M 2 , W = T*Mi + K\ (6.7) 

be the corresponding Darboux pair on Mi x M 2 . Assume that (K\)°° — 0. Consider a Lie group G 
which acts freely on M a , is a common symmetry group of both K-i and K, 2 , and acts transversely to 
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ICi and JC 2 - Assume also that the actions of L C G x G on M\ x M 2 and L a on M a are regular and 
set 

M=(M 1 xM 2 )/L, V = {K\+T*M 2 )/L, V = {T*M 1 + K%)/L. (6.8) 
Finally, assume that V°° and V 00 are constant rank bundles. 

[i] Then {V , V} define a Darboux pair on M withfy 

V°° = (0 + T*M 2 )/L = W°°/L, V°° = (T*Mi +0)/L = W°°/L and (6.9) 
dim(V°°) = dimM 2 - dimZ 2 , dim(V°°) = dimA/i - dimii. (6.10) 

[ii] The quotient differential system X — (/Ci + K, 2 )/L on M is Darboux integrable with singular 
Pfaffian systems (|6.8|) . 

[iii] The bundles V°° and V 00 are given by 

V°° = p 2 (T*(M 2 /L 2 )), and V°° =v* 1 {T*{M l /L 1 )). (6.11) 
For parts [iv] and [v], we restrict to the special case where L = Gdiag- 

[iv] The quotient map qG dia : (^-l x ^2, M\ x M 2 ) — > (X, M) defines a Darboux compatible integrable 
extension with respect to the singular Pfaffian systems (|6.7|) and (|6.8[) . 

[v] Assume that M\ and M 2 are connected and that G acts regularly on each manifold M a . Then 
the maps ( see (|6.4[) ) 

q Ml : Mi -> M and q Ma : M 2 -> M (6.12) 
define imbedded, maximal integral manifolds for V°° and V°° . 

We prove all five parts of this theorem for the special case of the diagonal action Gdiag in Section 
6.1. The generalizations of parts [i] - [iii] for non-diagonal actions is shown to reduce to the diagonal 
case in Section 6.2. To prove [iv] and [v] we will make repeated use of the simple observation that 
for free, diagonal group actions the distribution rG diag of infinitesimal generators for the action of 
Gdiag satisfies 

r Gdiag n (TMi + o) = r Gdiag n (o + tm 2 ) = {o}. (6.13) 

For non-diagonal actions equations (16. 13)) fail to hold and statements [iv] and [v] are not true. 

A v 

Remark 6.2. By definition, the Darboux invariants for the Darboux pair {V", V} are the first 
integrals for V°° or V°° , that is, C°°(M) functions / such that df € V°° or df g V°° . Equations 
(|6.11|) clearly imply that if g is smooth function on M 2 /L 2 , then gop 2 is a first integral for V°° . Of 
course, smooth functions on M 2 /L 2 are in one-to-one correspondence with L2-invariant functions 
on M 2 . Accordingly, there is a one-to-one correspondence between the Darboux invariants for the 
Darboux pair {V, V} on (Mi x M 2 )/G and the L a -invariant functions on M a . 

2 The notation + TMX indicates that this bundle is to be viewed as sub-bundle of T* M\ + T* Mi. 
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Remark 6.3. Note that Gdiag is a closed sub-group of G x G. Therefore, if G acts freely and 
regularly on M\ and M 2 then, by Remark 13.31 the action of Gdiag is free and regular on Mi x M 2 . 

6.1 Reduction by Diagonal Actions 

Part [i] and equation (|6.9p of Theorem 16. II for diagonal actions is proved in [3J. Equation (|6.10l) . 
in the case of diagonal actions, follows from (|6.9p . the transversality condition (|6.13[) , (|2.13p . and 
the assumption that Gdiag acts freely. 

Part [ii] follows immediately from [i]. Here we prove parts [iii], [iv] and [v] (for L = Gdiag), 
beginning with part [iv] . Part [iv] follows as a simple corollary to the following more general result 
which we shall also need in Section 8. 

Theorem 6.4. Let (/Ci,Mi) and (/C 2 , M 2 ) be exterior differential systems with a common symmetry 
group G and with (K^)°° = 0. Let H be a subgroup of G and suppose that the actions of H and 
G satisfy all the hypothesis of Theorem I6.il Then the pair of Darboux integrable systems {£,!}, 
defined by 

£=(JC 1 x /C 2 )/#dia g and X=(JC 1 x /C 2 )/G diag (6.14) 

with singular Pfaffian systems as in (|6.8|) . is Darboux compatible with respect to the orbit projection 
map p: (Mi x M 2 )/ff diag -> (Mi x M 2 )/G diag . 

Proof. We check conditions [i] and [ii] of Theorem l5.4l To verify condition [i] we first note that the 
singular systems for £ are 

Z = (K\ + T*M 2 )/H diag and Z = (T*M\ + K$)/H diag 

with 

Z°° = (0 + T*M 2 )/H diag and Z°° = (T*M X + 0)/H d ia g . (6.15) 
Also, by (|3.3|) . we have 

ker(p»)=qH dlag *(r Gd , ag ). (6.16) 

Let R e ker(p») n ann(Z°°). Then ((dTT3|) and (|6~T^|) imply there exists vectors Ri E TM\ + and 
R2 £ rc diag such that 

R = q« diag *(^i) = <iH d ^*( R 2) ( 6 - 17 ) 

in which case R\ — R 2 £ r^ diag . Since H dmg is the restriction of the diagonal action Gdiag, this 
implies that i?i — i? 2 G rG diag and therefore i?i G TG diag . Equation (|6.13[) then implies that R\ = 
and consequently R = 0. This proves the first equation in [i] in Theorem 15.41 and the proof of the 
second equation is similar. 

To check part [ii] of Theorem 15.41 we note that equations (|6.10l) give 

rank(Z°°) = dimM 2 — dimH and rank(y°°) = dimAf 2 — dimG. (6.18) 
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Moreover, by equation (j6.16[) . it follows that 

rank(ker(p*)) = dimG — dim if. (6.19) 

Equations (|6 . 18[) and (|6.19p lead to the first equation in condition [ii] of Theorem 15.41 The second 
equation is similar. | 

Proof of Theorem \6.1l Part [iv]. We simply apply Theorem 16.41 with H as the identity group. | 

Proof of Theorem \6.1l Part [iii] . Starting from (|6.9p , we first use Theorem 12.11 to write 

q Gdi ^~) = (W°°) Gdiag) sb and <&^(V°°) = (W°°) Gd ^, ah . (6.20) 
From the assumption that (K^)°° — 0, we immediate conclude that 

W°° = + T*M 2 and W°° = T*M X + (6.21) 

from which it then follows that 

(W°°) Gdi ^ sh = + (T*M 2 ) G , sb = 7T 2 *((T*M 2 ) G , sb ) and 
(W°°) Gdl ^ sh = (T*M 1 ) G>sb + = jrJCCT'MOcb). 

Also, the assumption that G acts regularly on M a gives, by (j2.12jl . 

(T*M a ) G , sb = q Ga (T* {MJG)) . (6.23) 

The combination of this equation (for a = 2), equation (|6.22[) . and the commutativity of the second 
diagram in (|6.6[) yields 

(^°°)cWb = 7r 2 *((T*M 2 ) G , sb ) = 7r 2 *(q G3 (T*(M 2 /G))) = q Gdiag (p|(T*(M 2 /G))) . (6.24) 

This equation, together with (|6.20[) . now leads to the desired result (|6.11|) . The formula for V°° is 
similarly established. | 

Proof of Theorem \6.1\ Part [v] . The fact that the action of G is free on each M a immediately implies 
that the maps qjv/ a : M a — > M are one-to-one. Equation (|6.13l) shows that kerqa^,* = and 
kerqjt/ 2! * = and therefore the maps c{M a are immersions. 
Let 

JVi = q M2 (Af 2 ) = q Gdiag ({pi } x M 2 ) and 7V 2 = q Ml (Mr) - q Gdiag (M x x {p 2 }), (6.25) 
and let x Q = q Gdiag (pi,p 2 ) and [p a ] = <\ Ga (p a ). We will show that 

N a = PaH\Pa\) C (Mi x M 2 )/G diag . (6.26) 



24 



Then, in view of Theorem 16. 11 part [iii] , Ni is an integral manifold of V°° and N 2 is an integral 
manifold of V , each through the point xq. Since the maps p a are smooth submersions, the level 
sets N a are smooth, imbedded submanifolds of M — (Mi x M2)/Gdiag with 

dim Ni = dim(M) - dim(Mi/G) = dim(M) - dim(V°°) and 
dimiV 2 = dim(M) - dim(M 2 /G) = dim(M) - dim(f>°°). 

This shows that Ni and N 2 are integral manifolds of maximal dimension. By definition, N\ and N 2 
are connected whenever M 2 and M\ are connected. To show that N\ is maximal, let ip : P — > M be 
a connected integral manifold of V°° through xq. Then (pi otjj)* = and so ip(P) C p 1 " 1 ([pi]) C N\. 
It remains only to check (|6.26p . We use the commutativity of (|6.6p to calculate 

Pl l (\Pi]) =q Gdiag ((q Gl ottO^CIpi])) =1a di j4~ 1) (G-Pi)) =qc dlag ((G-Pi) x M 2 ). (6.27) 
But for each g £ G and £2 G M 2 we have 

(ff - Pi, ^2) = 9 -diag (pi, (5 _1 ) ' z 2 ). 
Therefore G ■ pi x M 2 = Gdi ag ({pi} x Af 2 ) and consequently, by (|6 .4[) and (|6.27l) 

pr X ([Pi]) = qc diag ((G - pi) x M a ) = q Gdlag ({pi} X M 2 ) = q M3 (M 2 ) = iV x . (6.28) 
The second equation in (|6.26p is similarly proved. | 

Remark 6.5. Integrable Pfafhan systems whose maximal integral manifolds are all imbedded sub- 
manifolds are called regular integrable Pfaffian systems [37] . Theorem 16. 11 part [v] therefore 
implies that V°° and V°° are regular integrable Pfafhan systems. 

Remark 6.6. The hypothesis in part [v] of Theorem 16.11 that the M a are connected implies that 
the inclusions iM a '■ Ma — > Mi x M 2 are maximal integral manifolds of W°° and W°° . Therefore, 
by the Darboux compatibility condition established in part [iii] of Theorem 16.11 the manifolds Ni 
and N 2 in equation (|6.25p are integral manifolds of maximal dimension for V°° and V°° . Part [v] 
shows , in addtion, that these integral manifolds are maximal and imbedded. 

6.2 Reduction by non-Diagonal Actions 

We return to the general case of non-diagonal actions L C G x G with the objective of proving 
parts [i] — [iii] of Theorem 16. II in their full generality. Let 

A x = pi(kerp 2 ) = {g x e G\ (.g 1; e) e L} and A 2 = p 2 (kerpi) = {g 2 G G \ (e,g 2 ) G L}. 

These are closed normal subgroups of L\ and L 2 . The product A\ x A 2 C L is therefore also 
normal and closed. Let L = L/(A\ x A 2 ). Then, from the composition of the epimorphisms 
L — > L a —> L a /A a (with kernel A\ x A 2 ) one obtains the isomorphisms 

i; a :L^L a /A a defined by x(j a (i Ai X A 2 ) = p a {i)A a for i e L . (6.29) 
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We assume the groups L a act freely and regularly on M a . Then, by Remark 13.31 the groups A a 
act freely and regularly on M a , and the groups L a /A a act freely and regularly on M/A a . Likewise, 
A\ x A2 acts freely and regularly on Mi x M2, and the quotient group L = Lj (A\ XA2) acts freely and 
regularly on (Mi x M2)/(A\ x A2). The isomorphism (j6.29[) implies that L acts freely and regularly 
on M1/A1 and M 2 /A 2 . Remark |6"U1 shows that the diagonal action L d - mg on M\/A\ x M 2 /A 2 is free 
and regular. 

The following lemma is the key to reducing the non-diagonal versions of parts [i] and [ii] of 
Theorem lG.ll to the corresponding diagonal versions - it gives a canonical identification of the quotient 
space (Mi x M 2 )/L with a quotient space constructed using the aforementioned diagonal action of 
L. 

Lemma 6.7. There exists a canonically defined diffeomorphism <£> such that the diagram 

Mi x M 2 qj4lxA2 >MijAi x M 2 /A 2 



*L div (6.30) 



(Mi x M 2 )/L >(Mi/Ai x M 2 /A 2 )/L di ^ 



commutes. 



Proof. The canonical diffeomorphism $ 2 : (Mi X M 2 )/(Ai x A 2 ) -> M\jA\ x M 2 /A 2 is L - L diag 
equivariant and hence induces the right square in the commutative diagram (|6.31|) (below), where 
$ 2 is a diffeomorphism. Because Ai x A 2 C L is normal we may also construct (see Remark I3.3P 
the left-hand square in (j6.31[) . where <3?i is a diffeomorphism. 

Ci A 1 v /lo $9 

Mi x M 2 > (Mi x M 2 )/(Ai x A 2 ) — ^ M1/A1 x M 2 /A 2 



qz 



q i dl a B (6.31) 



(Mi x M 2 )/L (Mi x M 2 )/(Ai x A 2 )/i (M x /Ai x M 2 /A 2 )/i diag . 

$1 $ 2 

This diagram proves the lemma, with $ = $2 I 

Our goal is to prove that (JCi x K. 2 )/L is Darboux integrable. We shall do this by first using 

Ks x 

Theorem l6.1l to prove that (— — ) /Ldiag is Darboux integrable and then using the diagram (|6.31|) 

i x A 2 

to identify these two differential systems. 

Proof of Theorem \6.1l parts [i]-[ii]. Let K, a = JC a /A a be the reduced differential systems on M a /A a . 
We shall check that these systems and the actions of L on M a /A a satisfy all the hypothesis of 
Theorem 16. II First, Theorem 12. II shows that (K^) 00 — 0. We have already noted that L acts freely 
and regularly on M a /L a . It is easy to check that L is a symmetry group of JC a and is transverse. 
Then, in accordance with equations (|6.8p we set 

M = (Mi/AixM 2 /A 2 )/L diag , Z = (R{+T* (M 2 / A 2 )) /L diag and Z = (T*(Mi/Ai)+K^) /L diag . 
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The last hypothesis of Theorem 16.11 requires that we check that Z°° and Z°° are constant rank 
bundles. By the definition of the product action of A\ x A 2 on Mi x M 2 we have 

K\ + T*{M 2 /A 2 ) = {K\ + T*M 2 )/(A 1 x A 2 ) and T*{M 1 /A 1 ) + R\ = {T*M X + K\)j (A x x A 2 ). 

Equations ()6.8|) . the application of Theorem 13.11 to the commutative diagram (|6.30|) . and these 
equations lead to 

V = {K\ + T*M 2 )/L = $*((Kl + T*M 2 )/(A 1 x A 2 )/L diag ) = V(Z) and 

(6.32) 

V = (T*M 1 + K\)/L = $*((T*M a + K 2 )/(Ai x A 2 )/L diag ) = $*(!). 

The hypothesis that V 00 and V°° are constant rank bundles now implies that Z°° and Z°° are 
constant rank bundles. 

A V 

The application of Theorem 16.11 part [i], for diagonal actions, then implies that {Z,Z} is a 
Darboux pair with 

Z°° = (0 + T*(M 2 /A 2 ))/L d - mg and Z°° - (T*{M X /A X ) + 0)/L diag . (6.33) 
We conclude, again by (|6.32p . that {V, V} is a Darboux pair with V°° , V°° given by (|6.9[) . | 

Proof of Theorem \6. 11 part [iii]. The counter-parts of the commutative diagrams in (|6.6[) , as applied 
to the diagonal action of £diag, are the commutative diagrams (a = 1, 2) 

Mi/Ai x Ma/Ai 5^ (Mr/Ax x Af 2 /A 2 )/L diag ( 6 - 34 ) 

T T 

Ma/A a — >{M a /A a )/L . 

Therefore, by part [iii] of Theorem l6 . 1 1 ( which we have already verified for diagonal actions) it follows 
that 

Z°° = n* 2 (T*((M 2 /A 2 )/L)) and Z°° = fff {T* {{M x / A{) / L)) . (6.35) 

Let ^ a : (M a /A a )/L — > M a /L a be the canonical smooth diffeomorphisms, let p : (M\jA\ x 
M 2 1 A 2 ) I L d - mg — > M a /L a be the smooth projection maps defined by p a = f a o 7r a and note, on 
account of (I6.30|) . that the projection maps p Q : (Mi x M 2 )/L —> M a /L a satisfy p a = p a o $. 
Equation (|6.35l) then yields 

Z°° = r 2 (T*((M 2 /A 2 )/L)) = p* o (^r(T*((M 2 /A 2 )/L))= p*(T*(M 2 /L 2 )) 

and hence 

V 00 = = $*op*(T*(M 2 /L 2 )) =p*(T*(M 2 /£ 2 )), (6.36) 

as required. The formula for V°° is similarly derived. | 
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7 The Vessiot Algebras 



The fundamental invariant for any Darboux integrable differential system is the Vessiot algebra. 
In Section 6.1 we recall the definition of this Lie algebra and we give simple necessary conditions 
under which a mapping between two Darboux integrable systems will induce a Lie algebra monomor- 
phism of Vessiot algebras. These conditions always hold in the special case of Darboux compatible 
differential systems, as defined in Section 4. In Section 6.2 we calculate the Vessiot algebra for the 
Darboux integrable systems constructed in Section 5.2. All these results will be used in Section 7 
where we characterize those integrable extensions of Darboux integrable equations which arise as 
group quotients through Theorem A. 

7.1 The Vessiot Algebra of a Darboux Integrable Differential System 

We begin by recalling the fundamental technical result of [3] . 

Theorem 7.1. Let (I,M) be a Darboux integrable system with singular systems {V, V}. Then 
there exists, about each point of M , 0-adapted (see (|4.8p ) local co-frames {Ox, fj, fj, <r} and 
{By, fj, cr, fj, <r } satisfying the structure equations 

d<r = 0, dfj = Ao-Ad- + Gf)A(T, d& = 0, dr7 = F<TA<T + HT)A<T 

d0 x = -^Att A tt + -Btt A tt + -C0 X A X + Mtt A X , and (7.1) 
2 2 2 

d6 Y = ^-Ett A tt + ^Fn A tt - t;C Y A Y + Nn A 9 Y , 

where it = {<r,f)) and it = (a.fj). The coefficients C = [C&] are constants and the corresponding 
dual frames {do x ,d v , ds-, dfj, d&-} and {dg Y ,d v , ds-, d^, d&-} satisfy 

[d eXi ,de Y .} = 0. (7.2) 

Equations (|7.1[) imply that 

[d 0x . , d ex . } = ~Ci j de Xk , [d 0Y . , dg Yj } = C^d 0Yh . (7.3) 

and therefore the constants C are the structure constants for a real Lie algebra. Any pair of 0- 
adapted co-frames satisfying (|7.ip and f|T. 2[) are said to be ^-adapted. 

Remark 7.2. If { 0, 17, <r, fj, a} is any 0-adapted co-frame, then 4-adapted co-frames are con- 
structed by taking 8x,9y € span{ 8, i), 77 } and keeping the fj, a, fj, a unaltered. Consequently, if 
T is Darboux integrable with independence condition f)4.9[) then the structure equations (|7.ip for a 
4-adapted co-frames can be written as 

dfr = 0, di) = Af A u> + Grj A a, d(T = 0, di7 = FfAcI) + Hi7A(T 

d0 x = ^Af Aw + -Bf AtD + Gif) A it + G 2 17 A it + -C X A 8 X + M tt A X (7.4) 
2 2 2 

d6 Y = i£xA(2> + iFfAw + HiT)Afr + H 2 i7A^-^C0YA0Y + N7rA0Y, 
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where <r = (t,u>), and er = (t,&). 

Let (£,N) be another Darboux integrable differential system with singular Pfafhan systems 
{Z,Z} and 4-adapted co-frames { 6' x , fj' , &' , fj' , er' } and { fj' , it', 17', er' }. If <p: N — > M is a 

A A ^ v 

smooth constant rank map satisfying 4>*(T) C £ and C Z and </>*(V^) C Z then, by virtue of 

</>*({»?, *}) C {rf, er'}, 77, 77, er}) c {0k, v', v', &'}, 

ct>*({fj, er}) c {77' , er'}, 0*({#y, r), r), «r}) C {6' Y , fj' , fj' , &'}. 

In particular, there are matrix-valued functions R and S on N such that 

4>*{dx)=Re'x mod {fj' , fj' , a'} and <f>* (6 Y ) = S d' Y mod {fj' , fj' , &'}. (7.5) 

The dual vector fields satisfy 

<t>*{d Wx ) = Rde x and <f>*(d e ^) = S de Y (7.6) 

and, on account of the 4-adapted structure equations, the functions R and S satisfy 

RC' = CRR, dReZ°°, SC' = SRR, and dSeZ°°. (7.7) 

These equations prove that (j) x ,*, at each point x € TV, induces a homomorphism from the Lie 
algebra of vector-fields {de' x } to the Lie algebra of vector fields {dg x }. In particular, when cf) is 
a diffeomorphism, this demonstrates that the Lie algebra defined by the structure constants C in a 
4--adapted coframe is an invariant of the Darboux integrable system X. The corresponding abstract 
Lie algebra we call the Vessiot algebra which we denote by Oess(I). We write the Lie algebra 
homomorphism induced by <j) as 

4> x : oess(£ ) ->■ oess(Z). (7.8) 
Equation (|4. 8[) show that the dimension of the Vessiot algebra is 

dimUess(I) = dimspanj 6x} = dimspanj 6y } = dimM — rank(I/°°) — rank(y°°). (7.9) 

To calculate the Vessiot algebra of a Darboux integrable system, one must calculate a 4-adapted 
co-frame. Regrettably, there is not at present a more geometric or intrinsic description of this 
invariant. We have seen that integrable extensions and group quotients of Darboux integrable 
systems are Darboux integrable but in general it seems difficult to calculate the Vessiot algebra of 
the extension or quotient differential system in terms of the Vessiot algebra of the original one. We 
return to this issue in Section 6.2. 

Theorem 7.3. Let (£, N) and {I, M} be Darboux integrable differential systems with singular Pfaf- 
fian systems { Z, Z} and { V, V } and suppose that (f> : N —> M is a smooth map satisfying 

4>*(I) C £, <j)*{V) C Z and (j)*[V) C Z. (7.10) 
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Then the induced homomorphism (f> x : Dess(£) — > Dess(X) is injective at each point x if and only if 

(T*N)^ sb + (Z°° 8 Z°°) = T*N. (7.11) 

Proof. In order that <p x be injective it is necessary and sufficient that fix,*, restricted to span{ dg^} 
be injective. Since the co-frame { 6' x , fj' , <r', 17', &' } is 0-adapted, we deduce from (j4.8[) that 

span{ 9e^} = ann(Z°° © Z°°) 
and therefore is injective at each point if and only if 

ker(</. >t )nann(Z 00 ® Z°°) = 0. (7.12) 

The dual of equation (|7.12l) produces equation (|7.11l) . | 

Corollary 7.4. Let p: (£,N) — > (X,M) be an integrable extension of Darboux systems £ andX. If 
the pair {£,1} is Darboux compatible, then the induced map 

p x : vz5s(£) -> oess(Z) (7.13) 

is a Lie algebra monomorphism for each point x. 

Proof. This follows directly from condition [i] of Theorem 15.41 and (|7.12ll . | 

Theorem 7.5. LetX be a Darboux integrable involutive Pfaffian system with independence condition 
(see \4-4\ )- Then the prolongation o/lM is Darboux integrable and the Vessiot algebras Oess(lW) and 
Dess(I) are isomorphic. 

Proof. The independence condition induces a splitting of the forms a, a as <r = (t, Gj), <x = (f, l>), 
where the forms f, u>, f, £> can be taken as closed and the independence condition is given in equation 
(1431) . 

Now let {6, fj, fj, a, <x} be a 4-adapted co-frame for X on an open set U, where by equation (|7.4j) 
we have 

1 = (6,ij, fj, A t A u), F t A u>, At A Co, Ft A u>) a i g - 

and 

V = {0,f],f],T,Q}}, V = {9,fj, fj,f,u>}. 
The prolongation of X [55] , [H] is computed to be 

6l = T a -s v S a vc u c , and 0£ = f a - s v S^, (7.14) 

where s v Sy C (x) and s v S^{x) are the general solutions to the linear homogeneous equations (see 

A d ab S% £j b A £j c = 0, and FL S! A w 7 = (7.15) 
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and A = (A, A) and F = (F, F). Implicit in the definition of the prolongation of 2" is the assump- 
tion that the solutions spaces to these linear systems have constant dimension. The chart for the 
prolongation space of over U is C/W — U x H[s v ] x R[s u } with n : C/W — > U, and 

l [1] \um = (v,V,d,e u e 2 Uff. (7.16) 

In order to show that is decomposible we begin by first taking the exterior derivative of the 
equations in (|7.4[) to get 

dA mod V, dA = mod V, df = mod V, dF = mod V. 

Utilizing this we may solve for S and S in equation (|7.15[) so that 

dS a vc = mod V, dS* = mod V. (7.17) 

Now using (|7.14p and equations (|7.4p the structure equations for XW arc 

di) = mod , dr? = mod , dO = mod , 

* \ (7-18) 

= (S^ds" + s v dS a vc ) A £ c d^f = {S^ds" + s u dS a yi ) A u\ 

By condition (|7.17|) the structure equations (|7.18j) show that system XW is decomposable with 
singular Pfafhan system 

V 1 = {f],fi,d,0 1 ,0 2 ,u>,ds v } and V± = {v, fj, 6, U 2 , G>, ds v }. (7.19) 

Now according to Remark \B. 31 if k a S^ c = then k a = and likewise if k a S" 7 = then k a = 0. 
The first consequence of this is (or see Lemma IB.4I) 

from which we may conclude X^ = 0. 

The second consequence of this remark allows us to compute the derived systems V 1 and V l . 
Using equations (|7.18j) . (|7.14p . (|7.17|) the fact that Cj and u) are closed and the above remark, we get 

V[={fj,f,,O,0 1 ,u>,ds v }=ir*{V) + {ds v } V[ = {fj,fj,8,G 2 ,u,, ds v } = tt*(V) + {ds v } (7.20) 

from which we see that V 1 /tt — V and V 1 /n = V. 

It is now a simple matter to use Theorem 14.31 to check that XW is Darboux integrable. Indeed, 
equation (|7.20| implies that (see also [4]) 

V™ =Tv*(V°°)+{ds v } = {fj,d 1 , £>,ds v } and V? = tt*(V°°) + {ds v } = {fj, 2 , t&, ds v }. (7.21) 

Together (|7.19[) and (|7.21[) imply that Theorem 14.31 holds and so XW is Darboux integrable. 
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To show that Oess(zW) and Vtss(I) are isomorphic we begin noting that by (|7.9p . equation (|7.21[) 
shows that dimt)ess(zW) = dimOess(I). Moreover, on the open set 

T*C/W sb = {0,77,r7,f,f,u>,w} (7.22) 

and ds v ,ds v € V™ ®V™. Thus tt*(T) C 1 [x \ tt*(V) C Vi, tt*(V) C Vi and condition rf7T0l) of 
Theorem 17.31 is satisfied. Therefore since Dess(lW) and Cess (I) are the same dimension, Theorem 
17.31 implies they are isomorphic. | 



Remark 7.6. The 4-adapted co-frames for a Darboux integrable system I with independence 
condition naturally lift to give 4-adapted co-frames for iW . Indeed, the co-frame from above 

{0, X , 2 , 77, f),u>, u>, ds v ,ds u ] (7.23) 

on the prolongation space t/W is already 0-adapted for the Darboux integrable system iM (see 
(|7T9)) and (JTHTJ) and satisfies 

v? nv = {o lt i)}, v°°nv = {9 2 ,fj}. 

In this co-frame the structure equations (|7.4p . treated as part of the structure equations for XM, 
become 

d6 = i A fl A ft + ^BflAn + A + Mi X A + M 2 r) A + M 3 w A 0. (7.24) 

Zj Ai At 

where from equation (|7.21|) we have n = {0i, r), u>, ds v } as a local basis of sections for , and 
f[ = {9 2 ,fj,u;,ds u }. Equation ([772^]) together with (j7TTg|) (using ([7T7)) ) can be written as 

d9 = -AU/\fl+ -BflAn +-C0A0 + M ft A 0, 
1 2 2 i (7-25) 

rf0i = -Airi An + Mi0 An , d0 2 = — b 2 n a n + m 2 a n 

Therefore the co-frame (|7.23p is four-adapted. From equation (|7.25p we see directly that the Vessiot 
algebras Oess(X[ 1 ]) and Oess(I) are isomorphic. | 

7.2 4- Adapted Coframes and Vessiot Algebras for the Quotient Conduc- 
tion 

In this section we show how to obtain the 4-adapted co-frame for the Darboux integrable system 
X = (Kx + JC2) l 'G diag directly from the adapted co-frames for each IC a introduced in Theorem 12.21 
This construction proves that Oess(X) = g, where g is the Lie algebra of G, and will be needed for 
the proof of Theorem 18.31 We assume the hypothesis of Theorem 16.11 and, in addition, that the 
group G acts regularly on M a . We break the construction of these co-frames into a number of steps. 
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Step 1. Fix a point p € M and pick points p a € M a with qGdiagCPi)^) = V- Then pick G-invariant 
open sets U a C M a , with p a G t/ a , and open sets [/ a C M a /G on which local trivializations 

$ Q : C/ a -> C7 a x G, with $„ = (q G ,c£ Q ) and <f> a { Pa ) = e, (7.26) 

for q G : M a — >• M a /G are defined. Let {<?i, 771, eri} on ?7i and {#2, V2, c 2 } on t/2 be co- frames 
satisfying conditions [i]-[v] of Theorem 12.21 Then we have 

K\\ Vl = {Ox, 771} and K\\ Ua = { 2 , m } (7.27) 

and, by parts [ii] — [iii] of Theorem 12.21 

8i(X) = l, T7i(X)=0, *i(X) = 0, 
2 (Y) = 1, V 2(Y)=0, a 2 (Y)=0. 

Here X denotes the basis of infinitesimal generators for the action of G on Ui and Y the basis of 
infinitesimal generators for G on U 2 . The structure equations for X and Y are the same. 

For ease of notation we will identify the forms {9i, 771, <xi} on U\ with their pullbacks by ~k\ to 
XJ\ x U2 and the forms { 8 2 , 772, ""2} on with their pullbacks by 7r 2 to J7i x U 2 . Thus 

771, tri, 2 , 772, 0-3} (7.29) 

defines a co- frame on U\ xU 2 . Let <5 : G x (Mi x M2) — > Mi x M 2 denote the diagonal action of G 
on Mi x M 2 , that is, 5 g (xi,x 2 ) = (/j,i{g,Xt), fi 2 (g,x 2 )). The vector fields X + Y are then a basis 
for the infinitesimal generators for the diagonal action S. Set U = (U\ x U 2 )/Gdi ag - 

Step 2. Theorem 12. 2i part [ii], states that the forms 7Ti = {771, <j\ } and tt 2 = {772, <x 2 }, defined 
on Ui and U 2 respectively, are G-basic. Accordingly, we can define forms 77"! and <j\ on (7i — U\/G 
and 77 2 and a 2 on U 2 = U 2 /G such that 

^(Vi) =Vi, qG*(*i) = °'i' OcT^a) =»72, q G *(o- 2 ) = <x 2 . (7.30) 

We then use the maps pi and P2, defined by the commutative diagrams (|6.6[) (with L — Gdiag), to 
define 1-forms -fr = {77, it} and 7r = {77, &} on U by 

V = P* 2 {V 2 )^ < 5 " = P2(*2), »7 = Pt(»h), o- = pJ(CTi). (7.31) 

The diagrams (|6.6p also show that 

«JG dlM M)=»fc, q Gdiag (<r) = <t 2 , q Gdiag (77) = 77!, q^ diag (er) = a x . (7.32) 

Step 3. We now use (|2.17l) and the trivializations (|7.26[) to define matrix-valued functions Ai, A2 : 
U-l x U 2 GL(r, R) by 

Ai = A o o 7ri and A2 = A o 2 o n 2 . (7.33) 
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By virtue of the G-equivariance of the </> a , (|2.19[) and (j7.26p one easily checks that 

Xl J (6 g (x 1: x 2 ))^X^g)XUM^)) and A^( Pl ,p 2 ) = 5). (7.34) 
Next, we use (|7.33[) to define 1-forms on [/i x (7 2 by 

^=AM- e \) and 4 = A 2ii (0 2 ' - ( 7 - 35 ) 

Clearly, equations (I7.28P imply that the forms "&\ and $ 2 are Gdiag semi-basic. By part [iv] of 
Theorem l2.2l and (|7.34p . it follows that the forms i?„ are G-invariant and hence G-basic. Consequently 
we can define 1-forms Ox and By on U such that 

<&«jPx)=#* and q& dlag (<M = 0i. (7.36) 
For future reference we note, again by (|7.34p . that d\(pi 7 p 2 ) = ^{piiPi) and hence 

e x (p) = e Y (p). (7.37) 

The 1-forms {9,, fj, <r, 77, &}, where B, = 6x or B, = By define co-frames on U. We claim that 
these define the sought after 4-adapted co- frames for I — {JC\ + JC 2 )/G. 

Step 4. First we check that the above co-frames are properly aligned with the singular Pfaffian 
systems {V , V} and their derived flags, in other words, that they define 0-adaptcd co-frames (see 
To begin, we immediately deduce, using equations (|7.28[) . that on U = U\ x U 2 



{K\ + T*M 2 ) Gdlag , sb = { 9 2 - d u m, V2, <r 2 }, (T*M\ + Kl) Gil ^ sh = {9 2 - 6>i, Vl , <r x , 172}, (7-38) 
(T*M 2 ) G , sb = { 772, <r 2 }, (T*Mi) G , sb = { m , a x }, (K{ + K^) G , sh = {9 2 - d x , 771, m }. (7.39) 



Then, since 

^Gdiag i " a } = { 8 2 - 0i, m, V2,a 2 } and 

t&^i ; n,V,a} = {6 2 - 6>i, 771, <ti, 772 
(see (f7T3"2j) and (jT56) ). it follows from (pTL2l and definition (JITS]) that 



(7.40) 



7|[/ = {0., 77, 7), 6-} and 71c; = {0., 77, 77, <r}. (7.41) 

Moreover, the combination of (|7.3ip . (|7.39p and Theorem 16. l| iii] gives 

V a °\u=P* 2 (T*(U 2 /G))={f),a} and V°°\u — p*(T*(Ui/G)) — {fj, a}. (7.42) 

Equations (|7.4ip and (|7.42p show that the co-frames { 9,, 77, <x, 77, <r } are 0-adapted co-frames for 
the Darboux pair { V, V } on M. We also remark that (see (|6.4p ) 

q*M 1 (V) = (LM i y{\2(0 2 -0 1 ),r h ,r l2 ,<T 2 } = {e 1 ,r, 1 } = Kl and 

(7-43) 

qk(^) = W{ A i( 2 - Ox), T?!, 772, <x 2 } = { e 2 , 772 } = tfi. 
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Step 5. We now verify the structure equations in (|7.1[) The first set of these equations follow directly 
from (|2 . 23|) . To prove the remaining structure equations we first recall, from equation (I2.23[) . that 
the structure equations for the 1-forms 6\ and 6 2 are 

dB\ = A 7Ti A 7Ti — —C 0i A 0i and d0 2 = B n 2 A tt 2 - 2 A 2 . (7.44) 

The coefficients A are defined on Ui, the coefficients B arc defined on U 2 and the C arc the structure 
constants for the Lie algebra of vector fields X (or Y). Secondly, on account of (|2.20[) and (|2.26l) . 
we have that 

dX[ d = 7rJ" (<pl (dX^)) = ir* (4>l (AfcCy r J )) = A{ ifc C£.0i + M>?. 

By virtue of (|2.23|) and this last equation we calculate the structure equations for the forms #1 in 
(17351) to be 

dtfi = dAi A (6> 2 - 6>0 + Ai rf(6» 2 - X ) 

= (AiC^i + M-kx) A (0 2 - X ) + Xi(~C02 A 6 2 + A 9\ -Am A 7Ti + B n 2 Att 2 ). 

All the terms on the right-hand side of this equation which involve the 2-forms 6 a A 9t, combine to 
give —\C i?i A #1 and thus 

<Mi = -X x A-k x Atti + AiB7t 2 A tt 2 - t^^i A#i +MAj"Vi Aj?i. (7.45) 

A similar equation for d'& 2 holds (except for a change in the sign of the term containing the structure 
constants C). Finally equations (|7.45[) (and the counterpart for d"&2) yield the structure equations 

CCD. 

Note that ()7.1j) immediately imply that the the dual vector fields dg x and d Y satisfy 

[d e% ,d 9x \=-Cl h d^ x and [ dg« , d > y } = C e ab d e ^ . (7.46) 

Step 6. Lastly, we check that the dual vector fields de^ to the co-frame {Ox, i), <r, fj, <r} on M 
and the dual vector fields dg* to {<?r, fj, <x, fj, <r } are related to the infinitesimal generators X a 
and Y a for the action of G on Mi and M 2 by 

qMi*(A CI ) = -d Bx and qM a *(y o ) = 9j« (7.47) 

and satisfy 

[d e% ,d e .] = 0. (7.48) 

For (|7.47l) it suffices to note, by (j7.28[) . that X a = dg» and F a = cfoj and then to use equations (|7.32[) 
and (|7.36[) to calculate the Jacobians qM x * an d Qm 2 * in terms of the dual bases {dg 1 , d m , c? CTl } on 
Mi and {d d2 , d m , d CT2 } on M 2 . 
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To prove 1(7^5]) . let fi c lb = (A^ 1 ^ and p,^ = (A^ 1 )^ We then use (j73S)l to calculate 
^(qtwO^s)) = (qLJ^))^*^) - <5? and 

^(q Gdiag *K 6 ^)) = (q* Gdi je a Y ))(pi b d ei ) = -51 

These equations, together with (|7.32p . lead to 

qc?du«*(M2i.9e§) =9 6 i x and qGd^^Mib = (7.49) 

from which it then follows, because the \x\ h are functions on Mi and the /i^b are functions on M2, 
that 

5 »$J =-qGdia g *([Mia 9 es, Mi6^f]) =0- (7.50) 

This completes the proof that the co-frames { 9,, fj, <r, fj, a} are 4-adapted co- frames for the Dar- 
boux integrable system X = (JC\ + K.2)/G. 

Since the structure constants C in (|7.45p are the structure constants for the Lie algebra of 
G, this theorem immediately implies that the Vessiot algebra for the Darboux integrable system 
(JCi +/C2)/Gdiag is the Lie algebra of G. More generally, Theorems 16.11 and Lemma |6 . 71 combine to 
give the following result. 

Theorem 7.7. Under the hypothesis of Theorem \6. 1[ the Vessiot algebra of the Darboux integrable 
system [JCi -\-K%)/L is the Lie algebra of Lie group L = Lj{A\ x A2). 

8 Quotient Representations for Darboux Compatible Inte- 
grable Extensions 

In Theorem 16.11 we showed how Darboux integrable systems can be constructed using the group 
quotient of pairs of differential systems. It is a remarkable fact, established in [3J, that the converse 
is true locally, that is, every Darboux integrable system can be locally realized as the quotient of a 
pair of differential systems with a common symmetry group. The precise formulation of this result 
is as follows. 

/\ 

Theorem 8.1. Let (I, M) be a Darboux integrable differential system with singular systems V and 
V. Fix a point xq in M and let 

[i] Mi and M2 be the maximal integral manifolds ofV°° and V°° through xq, and 

[ii] K,\ and IC2 be the restrictions ofV and V to Mi and Mi- 
Then there are open sets U C M, U% C Mi, U2 C M2, each containing xq, and a local action of a 
Lie group action G on Ui and 1/2- This action satisfies the hypothesis of Theorem \6.1\ and 

U=(UiX (7 2 )/G diag and I\ v = {Ki\ Vl + K 2 \u 2 )/G dia , s . (8.1) 
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The Lie algebra of G coincides with the Vessiot Lie algebra of I and the local actions of G on 
U\ and U% are given by the restrictions of the Lie algebras of vectors fields de x and de Y , dual to the 
4-adapted co-frames defined by Theorem 17.11 When these local actions can be extended to global 
actions of G on Mi and M 2 and when M = (Mi x M 2 )/Gdiag, it then follows that 

Z=(^ 1 +/C 1 )/G diag . (8.2) 



In Section 8.1 we shall prove that the quotient representation (|8.2[) of X is unique. We shall refer 
to (|8.1|) and (18.21) as the local /global canonical quotient representation for a Darboux 
integrable differential system I. 

Suppose that I be a Darboux integrable and that (|8.2[) holds. Let H be a subgroup of G, also 
satisfying the hypothesis of Theorem 16. II Then, by Theorem A, we may construct the commutative 
diagram 




(8.3) 

>1 , 

P 

where £ — (ICi + IC2) / ffdiag- By Theorem A, £ is an integrable extension of I and, by Theorem l6.4l 
the pair (£,I) is Darboux compatible. We now state the following converse to Theorem 16. 41 which 
precisely characterizes those integral extensions of Darboux integrable systems which are constructed 
by this group theoretic method. 

Theorem 8.2. Let (I, M) be a Darboux integrable differential system with canonical quotient rep- 
resentation (I8.2[) and let p: (£,N) (X,M) be an integrable extension. If (£,X) is Darboux com- 
patible, there there exists a subgroup H of G such that £ =\ oc (ICi + IC2) / '-ffdiag- 

In Section 11, it will be shown that all integrable extensions of (level 2) Darboux integrable, 
Monge-Ampere equations in the plane are Darboux compatible and therefore can be constructed 
using Theorem 18.21 The proof of Theorem l8.2l is given in the next section. 

8.1 The Proof of Theorem IQ1 

In this section we tie together results on integrable extensions of Darboux integrable systems in 
Section 5 with the group reduction results of Section 6 to prove Theorem l8.2l 

Let {£,N) and (I,M) be two Darboux integrable systems with quotient representations 

(£, N) = ((A + £ 2 )/-ff d iag, (Qi + Q 2 )/-ffdiag) and 
(X,M) - ((/Cx + /C 2 )/G diag , (Pi +P 2 )/G d iag), 
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where (C a ,Q a ,H) and (K. a ,P a ,G) satisfy the hypothesis of Theorem 16.11 The singular systems for 
these differential systems are (see (|6.7[) and (|6.8[> ) 



U = L{®T*Q 2 , U=T*Q 1 ®L 1 2 , Z = (Ll®T*Q 2 )/H dias , Z = (T*Qi ® L\)/H Aias , 
W = K\®T*P 2 , W = T*P 1 ®K 1 2 , V=(Kl®T*P 2 )/G dias , V = (T*P 1 i^)/G diag 



(8.4) 



with derived systems (|6.9j) . Theorem 16. l| iv] implies that, as integrable extensions, (£i + £2,£} and 
{fCi + K.2,1) are both Darboux compatible with respect to the singular systems (18.41) . 

Now suppose that there is a mapping p: (£,N) — > (1,M) which defines (£,N) as an integrable 
extension of (I,M). We therefore have the diagram 



(£i+£ 2 , Qi x Q 2 ) 
(£,A0- 



(/d+/C 2 , FixF 2 ) 

qc dlilg 

T 

> (X, M) . 



(8.5) 



For a general integrable extension p, little can be inferred about the relationship between (£ a , Qa, H) 
and (lC a , P a , G). However, when {£ ' ,1) are Darboux compatible with respect to the singular systems 
{Z,Z} and {1^, V} (see Definition 15. 2[) . we have the following important result. We assume here, 
for simplicity, that C a and K, a are Pfaffian systems. 



Theorem 8.3. Let the diagram (18.51) be given. Suppose that the manifolds Q a , P a are connected, that 
the Lie group H is connected and that the actions of the groups H and G are free and regular on Q\, 
Q2 and Pi, P 2 respectively and transverse to C a and K, a . Suppose that the differential systems {£,%) 
are Darboux compatible with respect to the singular systems (|8.4p . Pick points ((71,92) £ Qi x Q 2 
and (pi,p 2 ) £ Pi x P 2 such that P ° qj? diag (91,92) = qG diag (PiiPa) and set (see (I6.4[) ) 



<lQ a 



tQ a :Q a ^N and q Pa = qG diag «-p : P a 



M. 



(8.6) 



Then there are globally defined local diffeomorphisms ip a ■ Qa — > Pa and a Lie group homomor- 
phism : H — > G such that: 



[i] the following two diagrams 



Qi 



qgi 



N 



qpi 



Q-2 



i>2 



-> p 2 



and 



qg 2 



qp 2 

■> M 



(8.7) 



are commutative; 

[ii] tp*(ICa) = C a so that the Pfaffian differential systems K, a and C a are locally equivalent; 

[iii] the maps ip a are Pdiag equivariant in the sense that ipa(h ■ 9) = <?K^) 1 ipaio) for all q € 
he H. 
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[iv] Assuming that H' — (f>(H) C G is a closed subgroup, [i], [ii] and [iii] together imply that 

(£,N) ~ loc (/C a x /C 2 ,Px x P 2 )/H' diag . (8.8) 

Proof. By Theorem 16. l| v] the map qQj^ : Qi — >• iV is a maximal integral manifold for Z°° through 
the point q_sr diag 92)- By Remark 1 5. 31 p maps integral manifolds of Z°° of maximal dimension to 
integral manifolds of V of maximal dimension. Therefore po qg t : Qi — >• N is an integral manifold 
of V°° through p(q_f/ diag (91, 52)) of maximum dimension dimQi. Again, by Theorem I6.1| v]. the 
map qp ± : P\ — > M is a maximal integral manifold for V°° through qG diag (pi,P2) and therefore 

P QQi (Qi) C q_p x (Pi) and hence dimQi = dimPi. (8.9) 

The fact that qp x is one-to-one (once more, Theorem l6.1| v]) then implies that poqgj factors through 
qp 17 that is, there is a unique map : Q\ — > Pi such that the first diagram in (|8.7p commutes. A 
basic result on the factorization of maps through integral manifolds ([37], page 47) states that ipi is 
smooth. Finally, since p o qg 1 and qp 1 both have injective differentials, ipi* is injective and hence 
ipi is a local diffcomorphism. 
Equation (|5. 1 1[) implies that 

qQl (Z) = qQi (p*(V)) 

while equation (|7.43j) gives 

L\=cC Ql {Z) and = (8.10) 
In conjunction with the commutativity of (|8.7p this leads to 

M{K{) = rM* Pl (V)) = = <&(2) = L\. (8.11) 

Similar arguments apply to the second diagram in (|8.7j) and the proof of parts [i] and [ii] are 
complete. 

The proof of part [iii] is actually quite straightforward once all the appropriate notation is fixed. 
To this end, let X®, Y® be the infinitesimal generators for the action of G on Qi and Q 2 and let 
X P , Y r p be the infinitesimal generators for the action of G on Pi and P 2 . The structure equations 
are 

iyQ yQ] — n k wQ vQ] _ n^vQ \v p y p ~\ — Q t y p \v p v p ] — q* v p 

L i > j ' ^ij^k i L Jr i 1 x j \— Ly ij 1 k ! KV : A s I - "rs^t l I 1 r i 1 s I ~ D rs 1 t ■ 

The infinitesimal generators for the action of -f/diag on Qi x Q 2 and Gdiag on Pi x P2 are 

V, = X? + Y t Q and W r = X? + Y r p . 

Since the actions of -f/diag and Gdiag are free and transverse to the differential systems C a and 
IC a , we can apply Theorem 12.21 to obtain co- frames 

{ 9 Qa . "HQ a , <TQa } ^ { P a , V P a > ° ' P a } - 12 ) 
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on Q a and P a . Note that dg Qi = X® , de Q2 = Y®, dg Pi = X p and de P2 = Y p . Then from these 
co-frames we construct, as in Section 6.2 (Step 2 and Step 3), 4-adapted local co-frames 

{d. N ,f) N ,fj N ,d- N ,d- N } and {0. M , i) M , f\ M , &m, &m} (8.13) 

on the quotient manifolds N and M. In the present context equations (|7.47p become 

ci Ql *(X?) = -d eixN , qQ2 *(Y l Q ) = d ei , N7 qpA^r) = -der XM , <i P2 4Y r p ) = d g , YM . (8.14) 

We now use (|8.14l) to prove that the maps ip a induce a common Lie algebra homomorphism 
i> a ,* ■ T ff -> T G , that is, 

il>i,.(X?) = A\X P and ^{Y?) = A\Y r p , (8.15) 
where the A\ are constants Since the integral extension p is Darboux compatible p* (I) C £, p* (V) C 

A V V 

J? and p*(V) C Z and therefore, by virtue of the remarks made in Section 7.1 (see (|7.6p ). there are 
functions i?f and Sf on N such that 

p*(d eix J = Rldg kM and P.(^ y>w ) = ^^ tM . (8-16) 

If the vector fields dgi^ ^ , ^ in (|8 . 16[) are evaluated a point x E N, then the functions Rf and Sf 
are evaluated at x. The combination of (|8.14p and (|8.16l) thus yields 

P*(q Ql *(^))=-^,i^ M and p.(qg a .(lf)) = ^,i^ M , (8.17) 

where R r o i = R\ o i Ql and = S[ o iQ2 . 

Since dR^ G Z , the functions R^ are constants on every integral manifold of Z . But the map 
iQi : Qi —> N is always an integral manifold of Z°° (see Theorem 16. l| v]) and therefore the Rq i are 
constants. Similarly, dS\ £ Z°° , the ST are constants on every integral manifold of Z°° and therefore 
the SJj are constants. Consequently we can re-write (|8.17p (using the last 2 equations from (|8.14p ) 
as 

M^qAX?)) = cipAK^K) and p, (q Q3 *(>f)) = qp^O^/) (8.18) 
and therefore, by the commutative of the diagrams (|8.7p . 

^AX?) = R r ^X p and MY?)=S r 0ti Y r p . (8.19) 

To complete the proof of (I8.15P it suffices to show that SJj = Jig $. Equation (I7.37P states 

0jv,x(<?) = Ojv,v(g), and M ,x(p) = 0ji*,r(p), (8.20) 

where g = qff diag (gi, 52) andp = q Gdiag (pi,p 2 ), and therefore p*8 M ,x(q) = p*0M,r(«)- Using (|8.20p 
in the definitions of il and S from equations (|T.5[) (with = p) shows i?(g) = 5(g), and hence 

cr pr 

J 0,i — %i' 
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Equations (j8.15[) are valid on any local trivialization of Qi and Q 2 and therefore hold globally. 
We now deduce from Theorem 18.51 that there exists a homomorphisms <j>: H — > G such that the ip a 
are <f> equi variant. 

With the assumption that H' C G is closed, it follows (see Remark 1 3. 3 p that the action of H' diag 
is regular on p x P 2 . The equivariance of the maps ip a with respect to the actions of H and H' 
then induces a map \& : N — > (Pi x P 2 )/H' such that the diagram 

<2i x Q 2 ^ Pi x P 2 



q ff , (8.21) 



TV ► (Pi x P 2 )/H> 

commutes. Since ipi x ip 2 is a local diffeomorphism, the function ^ is as well. Since ip*QC a ) = C a , 
a final application of Theorem 2.2 gives 

¥*((£i+/Ca)/ff') =(d+C 2 )/H = £. 

and part [iv] is established. | 

The next corollary establishes the uniqueness of the quotient representation of a Darboux inte- 
grable system. 

Corollary 8.4. Let (C a ,Q a , H) and (IC a , P a ,G) satisfy the hypothesis of Theorem \6.1\ and suppose, 
in addition that P a , Q a , H and G are all connected. If 

(Qi x Q 2 ,Ci +£ 2 )/Pdia g = (Pi x P 2 ,/Ci +/C 2 )/G diag , (8.22) 
then the manifolds P a and Q a are diffeomorphic, the Lie groups H and G are isomorphic and 



Proof. We apply the Theorem 18 . 3 1 using p = Im, the identity map on M, to construct smooth maps 
■ Qa — > Pa, and ipa : P a — > Q a which are inverses to each other. Similarly we have Lie group 
homomorphisms <f> : H — > G and <p '■ G — ► H which are inverses. | 



The following theorem was used in the proof of Theorem 18.31 . 

Theorem 8.5. Let H be a connected Lie group acting freely and regularly on N and let G be a Lie 
group acting freely and regularly on M . Suppose $ : N — > M satisfies 

$* : r H -> T G (8.23) 

and is a monomorphism of the Lie algebras of infinitesimal generators. Then there exists a unique 
homomorphism <j) : H — > G such that $ is H equivariant, that is, $(/i ■ p) = <fi(h) ■ $(p) for all p G N 
and h € G. 
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9 Proof of Theorem B 



We now combine Theorem A from the introduction with Theorem 16.11 to obtain the following 
general construction of Backlund transformations for a given Darboux integrable system I. 

Theorem 9.1. Let (T,M) be a Darboux integrable system with quotient representation {JC\ + 
/C 2 ,Mi x M 2 )/Gdi a g- Let L c G x G be a subgroup, let -ff d iag = L fl Gdiag and suppose that 
the actions of L and -ffdiag are regular on Mi x Af 2 ■ Then the commutative diagram of differential 
systems 

{K.1+K2) 




(fci+/C 2 )/£ (/Ci + /C 2 )/G diag 

defines a Backlund transformation £ = (K\ + IC2) / Hdi&g between T — (JCi + /C 2 )/Gdiag <wi tAe 
Darboux integrable system J — (JC\ + /C 2 )/L. 

We note that this theorem constructs a Backlund transformation with fiber dimensions dim L — 
dim if for pi and dimG — &m\H for p 2 . With W and W given by (|6.7p . Theorem 16. gives the 
singular Pfaffian systems for X and J as 

V = W7G diag , V = W/G dmgl Z = W/L, Z = W/L. (9.2) 

It is easy to check that when L 7^ Gdiag, the system J has strictly more Darboux invariants than X. 

Corollary 9.2. The integrable subsystems of the singular Pfaffian systems of I and J satisfy 

rank(Z°°) > rank(\>°°) and rank(Z°°) > rank(^°°). (9.3) 

Moreover, if G is connected then we have equalities in (|9 . 3[) if and only if J =1. 

Proof. Equations (I6.10|) . when applied successively first to the diagonal subgroup Gdi ag and then to 
the group L gives 

rank(t/°°) = dim M 2 — dimG, rank(V rOC ) = dim Mi — dimG and 
rank(Z°°) = dimM 2 — dimL 2 , rank(Z°°) = dimAfi — dimLi. 

The combination of these equations then yield 

rank(Z°°) = rank(i>°°) + dimG - dimii and rank(Z°°) = rank(F°°) + dimG - dimL 2 . (9.4) 
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Since L a = p a (L) C G (see EqRefLaction) , we have dim L a < dim G . This proves (|9.3p . Equality 
holds in (19.3[) only when dimii = dimL2 = dimG. If G is connected this implies L\ = L2 = G and 
L is the diagonal subgroup. | 

Corollary 9.3. Let 

B 




J 1 . 

define a Backlund transformation B between differential systems T and J . Suppose I is Darboux 
integrable and that the pair (B,I) is Darboux compatible. If X = (/Ci + /C2)/Gdiag, then there is 
subgroup H C G such that B =i oc (A^i + K-2)/H in which case the right half of the diagram (|9.5|) 
coincides (locally) with the right half of (|1.2p . 

Proof. This is just a restatement of Theorem 18.31 | 
Remark 9.4. In the extreme case where L = G x G, one has 

(JCi + Ki)/L = JCi/G + K 2 /G, 

^diag = Gdiag, the projection map P2 is the identity and the Vessot group for (]Ci + K,2)/L is 
the identity group. As an integrable extension , the integral manifolds of I = (/Ci + IC2) /Gdiag 
are obtained directly from integral manifolds of {K\ + K-2)/L.by solving ODE. This simple remark 
effectively describes the entire classical integration method of Darboux integrable equations. 



10 Examples 

In this section we shall use the group theoretical methods provided by Theorems A and C to 
construct Backlund transformations for a variety of Darboux integrable differential systems. In each 
example we shall begin with a differential system I given as a direct sum 1C\ + IC2 on M\ x M2. 
We define a group action H acting diagonally on Mi x M 2 which is a symmetry group of I and 
which acts transversally and, from this action, calculate the quotient differential system B — I/H. 
We then pick two more Lie symmetry groups G\ and G2 of I, with He G\ n G2 and calculate the 
quotient differential systems X\ = TjG\ and X 2 = I/G2. The orbit projection maps p a : B — >• I a 
define the sought after Backlund transformation. 

In Example 110. 1[ we show how this approach effortlessly gives the Backlund transformations 
between various Darboux integrable /-Gordon equations constructed in [Tl] and [3S]. Examples 
110.31 and 110.41 show that our method also gives Backlund transformations for non-Monge- Ampere 
equations and for PDE which are Darboux integrable at higher jet order. Backlund transformations 
are constructed for the A2 Toda lattice systems in Example 110.61 A Backlund transformation for 
an over-determined systems of PDE is given in Example 10.6. 
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Example 10.1. We take for I the standard contact system ICi + JC 2 on M = J 2 (R, R) x J 2 (R, R) 
with coordinates (x, v, v±, V2, y, w, Wi, w-z). The total derivative vector fields defined by X are 



D x = d x + v% d v + v 2 d Vl and D y = d y + w\ d w + w 2 d Wl . (10-1) 

We consider the infinitesimal group action Th on M defined by the prolongation of the vector fields 

Xi — d v — d w and X 2 — v d v + w d w . (10.2) 

By definition, these are symmetries of I. The quotient Pfaffian system B = I/Th is a rank 2 Pfaffian 
system on a 6-dimensional manifold N. In terms of coordinates (x, y, V, V x , W, W y ), the projection 
map qn ■ M — > N is 

[x = x,y = y,V = log^^, V x - D X V, W = log^^, W y = D y W] 

V + W V + w 

and quotient Pfaffian system B is 

B = { /3 1 = dV - V x dx + e w dy, 1 = dW + e v dx - W y dy}. (10.3) 

Here we take the open set where v + w > 0, v\ > and w\ > for the domain of q#. The structure 
equations for B are 

d/3 1 = — n A to, d(3 2 = — n A lj mod B where 
Co = dx, n = dV x — e v+w dy, uj = dy, n — dW y — e v+w dx. 

It is easily checked that B is a Darboux integrable hyperbolic system (of class s = 2) with first 
integrals { x, V x + e v } and {y, W y + e w }. The associated PDE system is 

V y = -e w , W x = -e v . (10.4) 

We remark that in this simple example the total vector fields (110. 1)) commute with the infinites- 
imal generators (jl0.2l) so the higher order differential invariants for the action of Th are given by 
the total derivatives of the lowest order invariants V — log — — - — and W — log 1 



V + W V + w 

To construct some Backlund transformations using Theorem A we add, in turn, to the infinites- 
imal group action Th the prolongations of the vectors 

Zi = d v + d w , Z 2 = yd w , Z 3 = xd v - yd w , Z4 — v d v - w 2 d w . 

Let Tat = {TjjjZj}. The actions Tq 3 , Tq 4 are diagonal actions on J 2 (R, R) x J 2 (R, R) but 
Tq 1 and Tq 2 are not. We calculate the reductions (Ij,Mj) of I by T l j i and the orbit projection 
maps Pi : N — > Mj. Each Mi has dimension 5 and the li are all type s — 1 hyperbolic systems 
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(that is, generated by a single 1-form and a pair of 2-forms). The result is the 4- fold collection of 
integrable extensions Pi : B —¥ Xj which, in terms of the associated partial differential equations, is 
given explicitly by 

















Vy=~ 


-e w , 


w x 


= -e v 




where 

Ui — V — W, U2 



w i v 
ye + xe 



u 3 



w i v 
ye + xe 



1 



-, u 4 = V + W + log2. 



(10.5) 



(10.6) 



These equations are to be supplemented with their total derivatives. Each of the projections pi 
defines B as an integrable extension so that any two of the equations in (|10.5[) are Bdcklund equivalent 
via the common Pfaffian system B. 

Note that if we eliminate the variables V and W (and their derivatives) from the equations 
defining pi and P4 (see (|10.6|) ) we arrive at the usual Backhand transformation 

U\ + U4 



= V2 



exp ■ 



-, ui tV + U4, jV = — V2exp 



— Ml + Ui 



relating the wave equation to the Liouville equation. The Backlund transformation relating the 
second and third equation in (|10.5|) is 

U3{u3 - x)u 2 ,x - u 2 {u2 - x)u 3 ^ x = 0, u 3 (u 3 - y)u 2 , y + yu2U 3 , y = 0. 

The Monge- Ampere system Ii for the wave equation is Darboux integrable on the 5-manifold Mi 
while the other systems I2 , , I4 are all well-known examples of Monge- Ampere equations which 
become Darboux integrable after one prolongation. In this regard, the calculations leading to (|10.5[) 
could also be done starting with iM, the canonical differential system on J 3 (R, R) x J 3 (R, R). 
All of the hypothesis of Theorem 16.11 are now satisfied. In particular, the infinitesimal actions for 
the projections of the prolongations prT^ to each individual J 3 (R, R) are free and transverse to 
the contact systems. Consequently, the first integrals for the singular Pfaffian systems, or Darboux 
invariants, for each of quotient systems x] 1 ' = XW / prl 1 ^ can be calculated in terms of the group 
invariants using Theorem 16. . For example, Tq /1 gives the standard action of st(2) on the line 
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with group invariants x and (3«3 — 2v 2 )/v 2 which reduce under q G<1 to the Darboux invariants 



x 



1 



and U4. xx — —u\ x for the the Liouville equation u^ xy = exp(it4). 

The infinitesimal group actions L Ga and r G4 are both diagonal actions. The number of first 
integrals for each of the singular systems {V a , V a }, a = 3, 4, is therefore (dim J (R, R) — dimr Ga ) = 
2 (see Theorem 16. 1[ equation (|6 . 101) ^) . The Vessiot algebras of zjj 1 ' and 1^ both have dimension 3 
and, by Theorem 17.71 are isomorphic to the abstract Lie algebras defined by r Ga and Tg 4 - By 
Theorem 16.11 [iv] we know that for a = 3,4 the integrable extensions p„ : Ba Zj are Darboux 
compatible. 

The actions r Gl and r Ga are not diagonal. The singular systems for the wave equation ij 1 ' each 
have 3 first integrals while the singular systems for zj, 1 ' have 2 and 3 first integrals. The Vessiot 
algebras for Zp and have dimension 1 and 2 and can be determined from Theorem 17.71 For 
example, the infinitesimal action r Gl = { X± , Xi , Z\ } = { d u , d v , u d u + v d v } used to construct the 
reduction qi : /Ci + K.% T\ can be reduced to a diagonal action using Lemma 16.71 One easily 
computes Ta 1 = { <9„}, Ta 2 = { dv}, and = Tg 1 /(Ta 1 + T ' a 2 ) = {ud u + v d v } and therefore 

the quotient map qr Gl factors as 

J 2 x J 2 




(10.7) 

The Vessiot algebra of £?M (which, by Theorem 17.51 is the same as the Vessiot algebra of B) is 
the 2-dimensional solvable Lie algebra and, by Theorem 17.31 is a sub-algebra of each of the Vessiot 
algebras for Xg 1 ' and X^ . The induced homomorphism on the Vessiot algebras defined by pi is not 
injective. 

Finally, we remark that Theorem 9.1 and Corollary 9.2 apply to the pairs (r Gl , ^G 3 ) , (r Gl > F G4 ), 

(r G2 ,r G j but not to (r G2 ,r G j or (r G3 ,r G4 ). 

Example 10.2. We now demonstrate remark I9T41 using Liouville's equation and T G4 . Let be 
the prolongation of the vector-fields 

d v , vd v , v 2 d v ,d w , wd w , w 2 d w (10.8) 

to J 3 (R, R). As noted above, the diagonal quotient (K-i + K-2)/Tg 4 where K.\ + JC2 are the standard 
contact systems on J 3 (R, R) x J 3 (R, R) is the seven manifold representation of Liouville's equation. 

The prolongation of the action of Yl 1 on J 3 (R, R) satisfies the conditions of Theorem 12.21 which 
gives the generators 

JC 1 = {9 1 ,0 2 ,e 3 ,dsAdx) a i e (10.9) 
where er 1 = ds, 02 = dx and s is the Schwartzian, 

_ v 3 3w| 
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Let s be the Schwartzian on the second copy of J 3 (R, R). 

The quotient (/Ci -\-K.-z)/Ti, = K-i/T^ + K,2/^l 2 may now be computed by noting that the only 
semi-basic form in (|10.9p is ds A dx. The reduction is then 

(/Ci + K-2)/Tl = (ds A dx, ds A dy) a \ g . 

The integral manifolds of (K-i + K2)/ L with independence condition dx A dy are given by 

s = f(x), s = g{y). (10.10) 

The projection map p : (K\ + /C2)/Tg 4 — > (/Ci + A^/T^ can be written using the coordinates 
from Example 10.1 as 

P{X, y, U4, U 4tX ,U 4t y, U^ XXl U^yy) ~¥ ^X , ^, S — U^ XX ~ -U\ x , S = U^yy ~ 7^4,^ • (lO.ll) 

Now according to Remark 19.41 given an integral manifold (|10.10p . integral manifolds of (K.\ + 
1^-2) I^Gi — Z% can be found by determining integrable manifolds to the completely integrable 
system of jM on p _1 (x, y, f(x), g(y))- By equation (|10.11|) 

P^ 1 (x,yJ{x)J{y)) = {x,y,u 4 ,U4. x ,u^y,u 4 . xx - \ u \x = f(x), u 4 ,y y - \ u \, y = ff(y))j (10.12) 

and the integration of subject to these Ricatti equations is the classical integration method for 
Darboux integrable equations. 

Example 10.3. Our next example is based upon results found in the PhD thesis of Francesco 
Strazzullo [32] ■ We start with the canonical Pffaffian systems JCi and K.2 for the Monge equations 

= F(^>) and ^ = G&) where F v „ ^ and G z „ ^ 0. (10.13) 
ds ds z dt dt 1 

On R 5 [s, u, v, vi, V2] and R 5 [£, y, z, z\, Z2] these are given by 

/Ci = (dv — V\ ds, dvi — V2 ds, du — F(w 2 ) ds) dm and 
K.2 = (dz — zi dt, dz\ — Z2 dt, dy — G(z2) dt )diff 

and we take X = K,\ + K2 on M = R 10 . The conditions F v » ^ and G Z " ^ imply that the derived 
flags for JCi and IC2 have ranks [3, 2, 0]. 

We shall calculate reductions of I using the infinitesimal symmetries 

X 1 = d v , X 2 = sd v + d vi , X 3 = d u , Y 1 = d z , Y 2 = td z + d zi , Y 3 =d y , 

(10.14) 

Z\ = Xi — X2, Z2 = X2 + 12, Z 3 = X 3 — Y 3 . 

Let Yd = {Xi,Yi, Z2}, Tq 2 — { Z\, Z2, Z 3 } and Th = ^Gi H Tq 2 = { Z\, Z2 }. These infinitesimal 
actions are all free and transverse to ¥i\ and K.2- The actions Th and Tq 2 are diagonal actions while 
Tg 1 is not. 
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Let N = H s [xi, . . . , xq, x 7 , xg], Mi = R 7 [xi, . . . , x&, x 7 ] and M2 — R. 7 [:ci, . . . , xq, X&]. Then 
projection maps q# : M —> N, q^ : M — > Mi and qc 2 : M —> M2 for the reduction by these 3 
actions are 

<\h = [xi = t, x 2 = s, x 3 = z 2 , Xi = v 2 , x 5 = zi-vi, x 6 = u, x 7 = y, x s = z + v - (s + t)vi], 
q Gl = [xi =t, x 2 = a, x 3 = z 2 , Xi = v 2 , x 5 = zi-vi, x 6 = u, x 7 = y], 
q G2 = [xi = t, x 2 = s, 2:3 = z 2 , x 4 = v 2 , x 5 = z\ - vi, x 6 =u + y, x$ = z + v - (s + t)v{\ 

and the commutative diagram of Pfafhan systems (|1.2p is easily computed to be 




du — F{v 2 ) ds, dv — v\ ds, dv\ — V2 ds, 
dy — G(z 2 ) dt, dz — z\ dt, dz\ — Z2 dt 



<1h 





P = 


dx$ — X3 dxi + X4 dx 2 , 




= dxe 


-Fdx 2 , /3 3 = dx 7 — G dx\ , {I/Th) 


/3 4 


= dxs 


— X5 dx\ + x^(x\ + X2) dx2 



Pi 




y 1 = dxe, — £3 dx\ + X4 dx2, 
dxe — F dx2, a 3 = dx 7 — G dx\ 



(z/r Gl ; 



(10.15) 

Here F — F(xi) and G = G(x 3 ). Theorems 16.11 and 19.11 apply directly to this diagram. All the 
differential systems here are therefore Darboux integrable, all the maps are integrable extensions, 
and the map P2 defines T/Yh as a Darboux compatible integrable extension of T/Tg 2 - The first 
integrals for each of the singular systems are easily calculated from the group invariants for each 
action. The Vessiot algebras are all abelian with dimOess(I /Tg 2 ) — 3, dim Dess(Z/r#) = 2 and 
dimOess(Z/r Gl ) = 1. 

These properties are all easily verified explicitly. For B = X/Th the structure equations are 



dp 1 =G' fr 1 At} 2 



d(3 2 



F'tt 1 An 2 , 



mod {/3\/3 2 } 



d/3 3 = n 1 An 2 -tt 1 Att 2 , d /3 4 = -{x x + x 2 )t} 1 A tt 2 , mod { /3 1 , /3 2 } 

where tt 1 = dx\, tt 2 = dx 3 , tt 1 = dx2, tt 2 = dx±. This is a class s — 4 hyperbolic Pfaffian system. 
The singular Pfaffian systems { /3 1 , /3 2 , tt 1 , tt 2 } and { (3 1 , f3 2 , tt 1 , n 2 } have first integrals {xi,x 3 ,x 7 } 
and { X2, xa, xq }. The derived system is 



B' = span{ /3 4 



Xl + X 2 q2 



7^^ /3 3 -^ + ^ 2 } 



F' 
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These two forms in B' each define admissible sub-bundles for B as integrable extensions of I/Tq 1 
and T/Tq 2 respectively. 

Just as in the previous example, the quotient map for the non-diagonal action factors through 
the reduction by the product action { d v , d z }. For the system X\ = I/Tg x , the structure equations 
are 

da 1 ^n 1 An 2 -tt 1 Att 2 , da 2 = G'n 1 An 2 , da 3 = F'fr 1 A it 2 . 

There are 3 first integrals for each singular Pfaffian system and hence, by a classical theorem of Lie, 
this implies that T\ is (contact) equivalent to the wave equation. The change of variables 

X' = —xq + x 2 F, Y' — X? — X\G, U' = x 5 — Xix 3 + X2X4, 

P'-J- 0' = J- If - F " T>= — (10 ' 16) 
F' ' W G° X2F' 3 ' xiG' 3 

transforms X\ to the standard Pfaffian system for U' X , Y , = 0. 

To calculate the structure equations for T2 = T/Tq 2 we define a new co-frame by 



(10.17) 



6 1 = {x l +x 2 )G' 1 1 ~{x l +x 2 )i 2 -{F' + G') 1 3 , 2 =FV+7 2 , 6 3 = -G' 1 1 + 1 2 , 
7T 1 = dx\ — n%{x\ + X2) dx3, 7T 2 = dx$, 7T 1 = dx2 — /J>i(xi + X2) dXi, 7r 2 = dX4, 

F" G" 
where /ii = — — — and \i2 = -=r, — z^j- The resulting structure equations are 

r -T G r + G 

dO 1 = d 2 An 1 +d 3 An 1 , mod d 1 

d8 2 = (F' + G')^ 1 A 7r 2 — /x x (0 2 - # 3 ) A 7f 2 , (10.18) 
dfl 3 = (F' + G')* 1 A tt 2 + /i 2 (0 2 - 3 ) A n 2 . 

These structure equations show that T2 defines a hyperbolic second order PDE. From the equations 
for d 9 2 and d Q 3 one can determine that the Monge- Ampere invariants for I2 are proportional to F" 
and G" , Thus X2 is of generic type (type (7, 7) in the terminology of [16]) when F" 7^ and G" 7^ 
and Monge-Ampere type when F" = G" = 0. The functions {xi,x^} and {£2,2:4} are first integrals 
for the singular systems of I 2 . 

In the special case of the Hilbert-Cartan equations 

du ,d 2 u,2 dy ( d 2 z,2 , 1ftim 

we can use a recent theorem of D. The [M] to explicitly identify the PDE defined by 22- This 
theorem asserts that the equation SUxxUyY + 1 = is uniquely characterized as the PDE in the 
plane with a 9-dimensional symmetry algebra with Levi decomposition sl(2) x r and such that the 
derived series for the radical r has dimensions [6, 5, 2]. Indeed, we find that the symmetry algebra 
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for X 2 is the 9-dimensional Lie algebra defined by 
Xi = x 3 d Xl + x 4 d X2 + ~(x% - x\) d X5 + ^(xl + x\) d X6 + {-^xjxi - ^xjx 2 - ^x e + x 5 x 3 ) d Xa , 



X 2 = ~x\ d Xl + -x 2 d X2 - -x 3 d X3 - -x 4 d Xi - -x e d X6 + ~x s d Xs , 



X3 = ~xid X3 - ^x 2 d Xi + i(xa -x\)d X5 + (-X1X5 +x s )d X6 + hj^ x i + \ x l x i + q x I) 9 x s , 

X 4 = xi d Xl + x 2 d X2 + x 3 d X3 + Xi d XA + 2x 5 d X5 + 3x 6 d X6 + 3x$ d Xs , 

X 5 = d X5 + xi d xs , X 6 = i d X3 - ^ d xi + ^(x 1 + x 2 ) d X5 + x 5 d X6 + ^-{x x + x 2 f d xs , 

Xy = —d Xl + d X2 , Xs = d X(j , Xg — d Xg . 

(10.20) 

The radical of this Lie algebra is {X 4 , X5, X$, Xj, X$, Xg} with second derived algebra {Xg,Xg}. 
This algebraic data, together with the fact that X 2 is of generic type, suffices to characterize X 2 as 
the standard Pfaffian system for 3UxxU YY + 1 = ([31], section 7). By finding the diffeomorphism 
which maps the symmetries { X\, X 2 , . . . , Xg } to the symmetries of iUxx U Y y + 1 = 0, we are able 
to produce the following explicit contact equivalence: 

X = -2 X3 + Xi , Y = x 5 - l-(x 3 - x 4 )(x 1 + x 2 ), S=-(x 2 -Xx), T= , 

xi + x 2 2 2 x\ + x 2 

U = 2 3 + Xi (-xs + X1X5) - x 6 + -(2xi - x 2 )x\ - -ix\ + x 2 )x 3 x 4 - -{x\ - 2x 2 )x\, (10.21) 

X\ + X 2 6 6 6 

P = x 8 - x x x 5 + -(xi + x 2 )((2xi - x 2 )x 3 - (x t - 2x 2 )x 4 ), Q = 2 XiXl --^ . 

o xi + x 2 



The change of variables (|10.16[) and (|10.21|) allows us to rewrite the Backlund transformation (|10.15[) 

as 



dx§ — x 3 dx\ + X4 dx 2 
dxe — x 4 dx 2l dx7 — x 3 dx\ 
dx$ — x$ dxi + x 4 (x\ + x 2 ) dx 2 




(10.22) 



It is interesting to remark that the identification of the quotient X 2 = X/G 2 as the canonical 
Pfaffian system for 3u xx v,y y + 1 = can actually be accomplished without explicitly calculating 
the reduction X/G 2 or its symmetry algebra. Indeed, we know that the symmetry algebra for X is 
g = 02 + 02, two copies of the split real form of the exceptional Lie algebra 02- For a basis for 0, 
take 

{y 6l .-.,2/1, hi, h 2 , x ll ...x 6 , y 6 , yi, hi, h 2 , xi,...,x 6 }, 
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where the yi are the negative roots, the hi the Cartan sub-algebra and the Xi the positive roots. In 
terms of this basis, the sub-algebra defined by the infinitesimal generators Tq 2 is 

f) = {x 2 - X 2 , X 3 - X 3 , X 6 + X 6 } 

and we find the normalizer of f) in q to be the 12-dimcnsional algebra 

nor(rj) = {y 5 - y 5 , y%+yi, hi+hi, h 2 + h 2 , x 2 , x 3 , x 4 - i 4 , x 5 -x 5 , x 6 , x 2 , x 3 , x 6 }. 

From this we deduce that the symmetry algebra of I/G 2 is at least 9-dimensional. But because 
the equation is of generic type, the symmetry algebra is at most 9-dimensional and therefore the 
abstract Lie algebra for the symmetry algebra of T 2 is precisely nor(f))/F). 

Example 10.4. For each n = 0, 1, 2 . . . the equation 

2nJpq 



(10.23) 

x + y 

is Darboux integrable at the n + 2 jet level. We use this equation to show that the group theoretic 
approach to the construction of Backlund transformations is not limited to equations which are 
Darboux integrable on the 2-jet level. 

Let Q n be the standard differential system for (|10.23[) . To construct Backlund transformations 
between Q n -\ and Q n , we start with I = + H 2 + , where and are the standard 

rank n + 1 differential systems for the n-th order Monge equations 

da 
ds 

The vector fields 



{ pLf and ± 



,d n z, 2 



U = d u , V i = s l d v , Y = d y , Zi = t*d s , i = 0,l,...2n-l 
all lift to symmetries of I. To apply Theorem A, we let 

r Gl = { U + V, V , Z , Vi + Zi }i<i<2n-2, T G2 = {U + V,Vi + Z t } < t < 2n -i and 

r H = r Gl n r G2 = { u + v, v, + z t } <i< 2n - 2 . 

Then we have the following commutative diagram of Pfaffian systems 

jn+l 



(10.24) 

(10.25) 
(10.26) 




(10.27) 



leading to the following theorem. 
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Theorem 10.5. The differential equations 



2{n-l)^UJJ y 2n^V x V y 

U xv = ana V xv — (10.28) 

x + y x + y 

are related by the Backland transformation 

U/e£ - Vv x f = (^zMLzIl = { ^zr + 0T )2 _ (10 29) 

x + y vv ' v " 

Note that for n = 1 this coincides with the Backlund transformation given in [38 . Detailed 
formulas for the various projection maps and quotients for (|10.23[) can be found in [2J. 

Example 10.6. As our final example we consider the A2 Toda lattice system 

u xy =2e u -e v , v xy = ~e u + 2e v . (10.30) 

This system is Darboux integrable and a Backlund transformation shall be constructed using The- 
orem A. By a simple linear change of variables, the Ai Toda lattice system can be rewritten as 

u xy = e 2u ~\ v xy = e- u+2v . (10.31) 

This latter formulation proves to be more amenable to our analysis. 

The construction of the quotient representation for the Ai Toda lattice, based upon Theorem 
18.11 has heretofore not appeared in the literature. We summarize the main steps here. The standard 
Pfaffian system T for (|10.31[) is a rank 6 Pfaffian system on a 12-dimensional submanifold M of 
J 2 (R 2 , R 2 ). To calculate the Vessiot group for (|10.31[) we must work at the prolongation order for 
which the system is Darboux integrable. However, the quotient representation and the Backlund 
transformation will be calculated as projections to M. 

The first prolongation is a rank 10 Pfaffian system defined on a 16-dimensional submanifold 
A/M of J 3 (R 2 , R 2 ). The associated singular Pfaffian system V is generated by (/M) , together with 
the three 1-forms dx, 

du xxx - e 2u ~ v (2u xx - v xx + (2u x - v x ) 2 ) dy, dv xxx - e 2v ~ u (2v xx - u xx + (-u x + 2v x ) 2 dy. 

The first integrals for V are 1\ = x, 1 2 = u xx + v xx — u x + u x v x — v xl 

h = u xxx + u 2 x v x + (-2u xx + v xx - v 2 x )u x , and 7 4 = v xxx + u x v 2 x + (u xx - 2v xx - u 2 )v x . 

By interchanging x with y in the above equations, we obtain the formulas for the other singular 
Pfaffian system V and its first integrals. We conclude that 

dim V = dim V = 13, dim V (oo) = dim V (oo) = 4, and dim(V (oo) nV) = dim(V n V {oo) ) = 4 

from which it then follows that the prolonged A2 Toda lattice system is Darboux integrable. 
By Theorem 18. II the prolonged A2 Toda lattice system is the quotient of the product of two, rank 9 
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Pfaffian systems W\ and W% on 12-dimensional manifolds by the diagonal action of an 8-dimension 

Lie group G. The calculation of the 4-adapted co-frame for shows that G is the special linear 

/\ 

group A2 — SL(3). The Pfaffian system W\ is given by the restriction of V to the zero set of the 

/\ 

first integrals I a (see Theorem 18. 1[) and hence 

W\ — {du — u x dx, dv — v x dx, du x — u xx dx, du v — e 2u ~ v dx, dv x — v xx dx, 

(10.32) 

dtjy 6 dx , du xx u xxx dx , dv xx v xxx dx , dvyy c {^2vy ^y) dx{. 
The dimensions of the derived systems of W\ and the dimensions of their Cauchy characteristics are 

[dimW 1 / ,...,dimW 1 (5) ] = [7, 5, 3, 1, 0] and [dimC{W[), . . . ,dimC(^ (5) )] = [ 2, 4, 6, 9, 12]. 

These numerical invariants suffice to characterize W\ as the canonical contact system on the mixed 
jet space J 4 ' 5 (R, R 2 ). At this point it remains to identify the precise form of the action of the Vessiot 
group SL(3) on J 4,5 (RR 2 ). Once this is done, the joint differential invariants for the diagonal action 
of G = SL(3) on J 3,4 (R, R 2 ) x J 3 ' 4 (R, R 2 ) then determines the quotient representation 

q G : J 3 ' 4 (R,R 2 ) x J 3 > 4 (R,R 2 ) -> =loc M. 

However, the standard coordinates for J 3,4 (R, R 2 ) lead to very long explicit formulas for qc 
which make our subsequent derivation of the Backlund transformation for the A2 Toda lattice quite 
complicated. A much better choice of coordinates for J 3:4 (R, R 2 ) is [x, u, u\, 112, W3, v, Vi, V2, V3, 
V4], with 

W\ = {du — uidx, du\ — U2dx, du2 — u^dx, dv — v\du, dvi—V2dudv2—vzdu, dv^ — v^du}. (10.33) 

We leave it to the reader to check that (|10.32l) and (|10.33p are equivalent Pfaffian systems. For our 
second copy of J 3,4 (R, R 2 ) we use coordinates [y, w, Wi, W2, UI3, z, z\, Z2, z^, z&], with 

W<2 = {dw — w\dx, dw\ — u)2dx, dw2 — w^dx, dz — Zidw, dz\ — Z2dw dz2 — z^dw, dz^ — z^dw}. 

The integral manifolds for W\ and W2 are given by 

u = f(x), m = f{x), v = gifix)), v, = g'ifix)), w = h(y), z = fc(%)), .... (10.34) 

Note that the formulas for the total derivative vector fields and the prolongation formula for vector 
fields on J 3,4 (R, R 2 ) are slightly different in these coordinates. 

The desired infinitesimal diagonal action of SLi3) on J 3:4 (R, R 2 ) x J 3,4 (R, R 2 ) is given by the 
prolongation of the vector fields 

Ai = d u + d w , X 2 = d v + d z , A3 = u d u + wd w , 

X± = vdu+zd w , X 5 = ud v + wd z , X e = vd v + zd z , 
Z\ = u 2 d u + uvd v + w 2 d w + wz d z , Z2 = uv d u + v 2 d v + wz d w + z 2 d z . 
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The lowest order joint differential invariants for this action are 

C/ =-log ?7 r — and U A = -\o%- r — . 10.35 

3 ((w — wjzi + z — vy A [(u — w)vi + z — v) 6 

These equations, together with their total derivatives, give the quotient representation qc for the 
A 2 Toda lattice. 

The construction of the Backlund transformation for (I10.31[) now follows the construction of the 
Backhand transformation for Liouville's equation given in Example 10.1. Let 

Tgi = \Xi, X%, X%, X4, X5, Xq, Z3 = d u — d w , Z4 = d v — d z }, 
Tg 2 = Tg = { Xi, X 2 , X 3 , X4, X 5 , X 6 , Zi, Z 2 }, 
L# = Ta 1 n Tg 2 = { Xi, X2, Xs, X4, X5, Xq }. 
The lowest order joint differential invariants for the action of Tq 1 on J 3 ' 4 (R, R 2 ) x J 3 ' 4 (R, R 2 ) are 

t/1 1 -2u 1 w 1 v 2 z 2 T/2 , w\z 2 hn „M 

V = log — -5- and V — log — ^ — (10.36) 

[vi - ziY u\v 2 

which imply that I/G± is the differential system for the decoupled Liouville-wave 

V x \ = e V \ V* y = 0. (10.37) 

We next calculate the symmetry reduction of J 3 ' 4 (R, R 2 ) x J 3,4 (R, R 2 ) by the 6-dimensional Lie 
group with generators Th- This will be a rank 8 Pfaffian system Bona 14-dimensional manifold. 
For this action the lowest order joint differential invariants are the first order invariants 

^=log 7 U ^~^ an d ^ 2 = log , w ^ +v ^ . (10.38) 
[w — u)z\ + v — z (to — ujvi + v — z 

It then follows that the Pfaffian system B is a partial prolongation of the standard Pfaffian system 

for the equations 

W^ = -W^Wl + e Wl ) and W% y = —W% {e w * + Wy). (10.39) 

At this point we have constructed the Pfaffian systems for all of the equations in the following 
commutative diagram, as well as the quotient maps for the group actions r#, Tq 1 and Tq 2 . 
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We calculate the expressions for U 1 , U 2 , V 1 , V 2 in terms of W 1 and W 2 and their derivatives 
to be 




(10.40) 



These formulas, together with their x and y derivatives to order 2, define the projection maps pi 
and p 2 . It is a simple matter to check directly that pi and P2 define integrable extensions. Finally, 
the elimination of the variables W 1 and W 2 from (|10.40[) lead to following first order PDE 

Vl _ V - 2U 2 = V2eV 2 ~ ^ ~ Ul + i^ 1 ), V 2 + Wl = -S^eH^ + U " ~ ^\ 
V j + \v 2 - 2Ul = V2e^ Ul - U2 + l Vl + SO, _ Vy 2 + 3t £ = _^ 2e (U 2 - \V + \V 2 ) 

for U 1 , U 2 , V 1 , V 2 , which give a Backlund transformation in the classical sense. 

Example 10.7. In [3], several simple examples of Darboux integrable systems in 3 independent 
variables were given. Backlund transformations for all of these are easily constructioned. For 
example, the system 

U XZ = UU X Uy Z = UUy (10.41) 

is related to ^=0,^ = by the Backhand transformation v z = exp(u)u z . 



11 An Application to Monge- Ampere systems in the plane 

Let T 2 be a hyperbolic Monge- Ampere system on a 5-manifold M (see, for example, [14]) with 
singular Pfaffian systems V 2 and V 2 satisfying] 

rank(i>' 2 ) = 2, rank(1> 2 X3 ) = 1, r&nk(V 2 ) = 2, rank(y 2 X3 ) = 1. (11.1) 

Let X 2 ^ be the prolongation of T 2 with respect to the independence condition A and suppose 

Xj 1 ' is Darboux integrable. The ranks of the singular Pfaffian systems V 2 , V 2 forlJ, 1 ' are rank V \ = 5 

v 1 . . [11 

and rank V 2 = 5 while the assumption that I 2 is Darboux integrable implies that 

rank V^T =2 and rank V l 2 °° =2. (11.2) 

Equation (|7.9p then shows that the dimension of the Vessiot algebra Dess^J, 1 ') is 3. 

Let I\ be the Monge- Ampere form of the wave equation. Then T\ is Darboux integrable (without 
prolongation) and the singular Pfaffian systems Vi and V\ satisfy 

rank(t>' 1 ) = rank(V^°) = 2 and rank(V'i) = rank(V^°) = 2. (11.3) 

3 These rank conditions imply that X is not Monge integrable after prolongation. 
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The Vessiot algebra for the wave equation has dimension 1. 

The first theorem of this section shows that all the Backlund transformations explicitly con- 
structed in [14] between such hyperbolic Monge- Ampere systems and the hyperbolic Monge- Ampere 
system for the wave equation arise as symmetry reductions of differential systems using Theorems 
IQandigH 

Theorem 11.1. Let (B,N) be a (local) Backlund transformation, with 1- dimensional fibers, between 
a hyperbolic Monge- Ampere system (Zi,M-i) and the Monge-Ampere system (X±,Mi) for the wave 

A v A v 

equation. Let {V a ,V a } and {W,W} be the singular Pfaffian systems for X a and B respectively. 
Suppose that T^} is Darboux integrable and satisfies and (|11.2p . Denote by ir : (fiM, iVW) — > 

(B,N) and n a : (1^ , M^) — > (I a ,M a ) the prolongations of these systems. 

[i] The prolongation p^ : —} M a of the submersion p a : N — > M a defines B^ as an integrable 
extension ofl^} . 

[ii] The differential system B is a s — 2 hyperbolic system. It is Darboux integrable, W°° = pl(V^°), 
W°° = pl(V^°) and the Vessiot algebra Oess(B) is 2- dimensional. 

[iii] The integrable extension : £>W is Darboux compatible. 

[iv] There is a Lie algebra monomorphism from Vess(B) to the 3-dimensional algebra Qcss(T^)- 

[v] The Backlund transformation B^ can be constructed locally as a group quotient in accordance 
with Theorem] 



The mappings in part [i] of Theorem If l.f I define the commutative diagram 

H1 BM m 



7T1 



B 



J>2 



(11.4) 



7T 2 



The independence conditions on B and X\ are determined from the natural independence condition 
on I2 as follows. Any non-zero 2-form in V™ A fixes the independence condition for 2^. The 
form SI = p^f^) determines the independence condition for B. This form can be taken to be pi 
basic so there is a unique form Sli on Mi with p*(f2i) = fl and this fixes the independence condition 
for T\. The prolongations in (|11.4|) are computed with respect to these independence conditions. It 
is a general fact that the fiber dimension for the prolongation of any class s hyperbolic system is 2. 
With no loss in generality we can label the singular Pfaffian systems so that 



p* a (V a )GW and p* a (V a )dW. 



(11.5) 
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We emphasize that Part [iii] of Theorem II 1.11 is particular to the extension p^ 1 ' : £?M — » and 
that Darboux compatibility does not hold for 23 M as an extension of the wave equation X-j 1 ^. 
Our final result is at odds with Theorem 1 in [14]. 

Theorem 11.2. Let I2 be a hyperbolic Monge- Ampere system satisfying (jll.ip and (lll.2[) . // 

the Vessiot algebra Oess^ 1 ') is so(3), then I2 is not locally Backlund equivalent (with a Bdcklund 
transformation having a 1-dimensional fibers) to the wave equation. The Vessiot algebra for the 
equation 



smu 



(11.6) 



is SO (3) and therefore (|11.6[) is not Backlund equivalent (in the sense above) to the wave equation. 

Before considering the proofs of Theorems 111.11 and lll.2[ a few general observations about in- 
tegrable extensions of Monge- Ampere systems and their prolongations (which we shall apply to Ii 
and I2) are needed. The inequalities given below in (|11.17l) are especially important. 

Let (1C, M) be a hyperbolic Monge- Ampere system whose singular Pfaffian systems V and V 
satisfy f| 1 1 . If) and (|11.2j) or (| 1 1 .3[) . About each point p £ M there exists a neighborhood U of p and 
a local co-frame { f , f , ui, uj } on U such that 

K\u = ( 0, t Aw, f Au> ) a ig and J=rAw + fAw mod 6. (H-7) 

The singular Pfaffian systems of K, are given by 

V" = { 6, t, u) } and V = { 9, f, & } and satisfy V' = { f, u> } and V' = { f, u }. (11.8) 

We note that V and V satisfy the constant rank conditions 

rankF" = rank!/ 00 = c\ > 1 ranki^" = ranki^°° = C2 > 1. (H-9) 

(The specific values of these ranks are known for the Monge- Ampere systems I\ and I2 in Theorem 
II 1.11 but are not the same.) 

Let p: (B,N) — > (JC,M) be an integrable extension of JC with 1-dimensional fiber. On the open 
subset p _1 (C7) C N, let (by an abuse of notation) 

9 = p*(6), d = p*(d), cD = p*(a3), f = p*(f), f = p*(r). 

For a local co-frame on N we choose an open set U C p _1 (C/) and extend the forms {9, f , r, ui, w} 
to a co-frame on U with a 1-form p £ B which is transverse to p, that is, 

% = (p, 9, t Aw, f A£ ) alg . (11.10) 

Since i3 is an integrable extension of /C 

d ( o = afAw + &TAd> mod { 0, p}. (H-H) 
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The singular Pfaffian systems for B are then given, using equations (|5.2[) , (|11.7I) and (111. lip , by 

W\ d = { Pl 9, t, Cj} and W\ D = { p, 9, f , Cj }. (11.12) 

The structure equations (|11.7I) and (111. lip show that B is a s — 2 hyperbolic system. 

We now turn to the calculation of the derived flags for the singular systems W and W. From 
pi.lip and (|11.12p we find 

W'\ = {p-b9,r, Cj} and W% = {p - a 0, f , w}. (11.13) 

On account of equations (|11.8p and fll 1 . 13[) and the fact that p is transverse to p, it then follows 
that 

W'/p = V' and W'/p = V'. (H-14) 

From the given structure equations alone it is not possible to calculate W and W but we can 
derive bounds on the pointwise ranks of this spaces. Since reduction and derivation commute (see 
@]), equations (|11.2p and (|11.14l) imply that 

/p = = V and /p = V =V 

and therefore 

rank(Wp sb ) = rank!/ 00 and rank(M / p sb ) = rank V°° . (11.15) 
Since the fiber dimension of p is 1, we have the simple inequalities 

rank#p Sb < rankVF" < rank#p Sb + 1 (11.16) 

which show that, for all p £ U and q = p(p), 

ranky^° < rankM^' < rankV^° + 1 and, similarly, rankV^° < vankWp < ranki^ + 1. 

(11.17) 

We shall use these inequalities for the proof of Theorem 111.11 part [ii] . 

For the special case under consideration here, the details for IE[vii] (Section 2.1) are easily given 
by identifying the local co-frames associated to the commutative diagram 

p[i] 

(BW.JVW)— ►(KW.AfW) 



7TM (11.18) 



(B,N) y(K,M) . 

To do so, let = U x R 2 [s, s] be the prolongation space for K. over U C M with respect to the 
independence condition Cj A cD. The 1-forms defining the co-frame on U pullback to £/W and allow 
us to define the local co-frame { 9, 9 1 = f + s Cj, 9 2 = f + s u>, Cj, Cj, ds, ds } on [/M , with 

IC^\ uW = (9,9\9 2 ) diB . (11.19) 
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The prolongation of B is similarly constructed. Let f/W = U x R 2 [t, f\ denote the subset of the 
prolongation space with the independence condition uAu, We have 

Bl% ll] = (p,d,6 1 = T + iu,,P=T + tL>) diS . (11.20) 

The prolongation pM : iVM — ► of p, restricted to is 

pW( P ,it) = (p(p),s = t,s = i), for p 6 P. (11.21) 

The structure equation for p in (111. lip on f/W can be re-written using the forms in equation (|11.20[) 
as 

dp = a£j A9 1 +bib A9 2 mod {6,p}. (11.22) 

Equations (|11.19l) . (|11.20l) . and flll.22[) show that B [1] is an integrable extension of fC m . 
With these preliminary computations in place, we can now prove Theorcm lll.il 

Proof of Theorem Part [i] of Theorem 111.11 follows directly from (jll.181) , with JC = I\ and 
IC=2 2 . 

To prove part [ii] we apply the inequalities (|11.17[) to each of the integrable extensions p a : (B, N) 
— > (X a , M a ). Firstly, the ranks for the singular Pfaffian systems {V\, V\} for the wave equation are 

rank(V"i) = 3, rank(t>' ) = rank(t>") = rank(V?°) = 2, 

(11.23) 

rank^) = 3, rank(V r ' 1 ) = rank(F") = rank(V~) = 2 
and hence, by (|1 1 . 17[) . 

2 < rank(F^p) < 3 and 2 < rank(W^') < 3. (11.24) 

Secondly, since the ranks for the derived systems for singular Pfaffian systems {^2,^2} are given 
by (|1 1 . 1|) . we also have, again by by (|11.17|) . that 

1 < rank(#p) < 2 and 1 < rank(VFp) < 2. (11.25) 

From (|11.24j) and (|1 1 .25[) we conclude 

rank(#") = 2 and rank(VF") = 2. (11.26) 

Since p|(t>D C W°° and pt(V?) C W°° , we can then use (TTO^l) and (lTl~26l) to conclude 

W°°=pl(V™) and W°°=pl(V™). (11.27) 

Since B is an integrable extension of Ii, it is Darboux integrable (by Theorem 15. ip and moreover, 
by equations (|7.9p and (|11.27p . dim(oess(S)) = 2. Part [ii] of the theorem is proved. 

We note that (| 1 1 . 2T[) also implies that the Darboux integrable systems B and I\ are not Darboux 
compatible. 



59 



To prove part [iii] wc first use equations ([7TT9"]) and (|11.12l) ; (fT2T))) and (|11.13|l : and ([7121]) and 
(|11.26p to verify that the ranks of the singular Pfaffian systems W \ and W\ for BW are 

rank(WM = 6, rankfW', ) = 5, rank(iy?°) = 3 and 

(11.28) 

rank(Wi) = 6, rank(W[) = 5, rank(W^°) = 3. 

Now set J = nWi and J = Wi flWi. We shall verify that these are constant rank sub-bundles 

of T*N^ which satisfy the conditions [ii] in the Definition [52] of Darboux compatibility. Since 

is Darboux integrable, we have W™ + Wi = T*N^ and W™ + W x = T*N^\ Equations (flT2g)) 

A V 

therefore imply that rank J = 1 and rank J = 1 . 
Accordingly, to prove that (see (|5 .9[) ) 

= J©pp(4 1] ), V^i = J©P^ 1] *(^2i) and W? = JSpp^i) 

we need only verify that J and J are not p 2 semi-basic at any point. In doing so we shall use 
detailed information about the left-hand side of the diagram f| 1 1 .4[) to deduce that the right-hand 
side is Darboux compatible. 

Let {<?i, fi, &>i, Ti, u}\} be an adapted co- frame for the wave equation, where V^|[/ = {fi, uji}, 
V™ — {fi, uji} and c?fi = 0, dfi — 0. The singular Pfaffian systems for B are then (see (JTTTT2J)) 

W\u = {p, 8i, h, wi} and W\ U = {p,0i,fi,ui}. (11.29) 

and, by (| 1 1 . 2T[) . the integrable subsystems for W and W are 

W°°\ u = {t 1 ,Cj 1 } and W°°\ d = {h,Zi}. (11.30) 

In other words, the co- frame {8\ , p, fi , <ii , ri , <I>i } is a 0-adapted co-frame for the Darboux integrable 
system K on AT. Furthermore, (|ll.ip and (|11.15[) . applied now to P2, imply that 

rank(#")p 2 , sb = 1 and rank(#") P2 , sb = 1. (11.31) 

Thus ri and ri are not P2 semi-basic at any point in U . 

Since the co- frame {0,p, Ti, wi, ri, wi} is 0-adapted for B, we can use the computations given 
in the proof of Theorem 17.51 (see equations (|7.19p and (|7.21[0 to deduce that the singular Pfaffian 
systems for the prolongation B^ satisfy 

w T\irm = {^i> <^i> and Wi\(j m = {p, 9i, n + su>i, n + sl>, u)i,ds] (11.32) 
and therefore 

J\um = {W? n Wi)|jj[i] = span{ fi + s£i }. (11.33) 
Because of our choice of independence conditions, Cj\ is P2 semi-basic at every point and so, because 

A A A [11 ^ 

ri is not P2 semi-basic at any point, the form T\ + s(2>! is not p 2 semi-basic. Thus J is transverse 
to P2 , as required. A similar argument holds for J and so as an integral extension of l\ , is 
Darboux compatible. 

Finally, parts [iv] and [v] of the theorem quickly follow from Corollary 17.41 and Theorem 18.21 | 
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Finally, we give the proof of Theorem 111.21 

Proof of Theorem \11.2[ The Lie algebra so(3) has no two dimensional subalgebra. Therefore by 
Theorem 1 1 1 . 1 [ iv] . no integrable extension B of T with one-dimensional fibre exists. 

To finish the proof of the theorem we now show equation 111 . 6|) has so(3) as its Vessiot algebra. 
Let (x,y,u,u x ,Uy,u X x,Uyy) be the standard jet coordinates on the open set C R 7 , where 

\u x \ < 1 and | My | < 1. The classical Darboux invariants for equation (jll.6l) are 

£= 7== - a/1 cot u, i= pO— -Jl-,%cotu. (11.34) 

In terms of coordinates (x,y,u,a = arcsinu^, j3 = arcsinzij,,£,£), where —ir/2 < a, j3 < n/2 the 
differential system is the Pfaffian system given by the 1-forms 

9 1 = £dx — (£ cos u — sin u cos /3)dy — da + cos u d(3 

9 2 = (£sinusina! + sin a cos u cos (i — cosasin/3)dy + cosaciu — sin it sin a d/3 (11.35) 
6 3 = —dx — (sin /? sin a + £ cos a sin u + cos a cos u cos /3)dy + sin adu + cos a sin u dj3. 

The co-frame (9 1 ,6 2 ,9 z ,dx,d£ l ,dy,d£ l ) is 4-adapted and the structure equations are 

dO 1 = -8 2 A 6» 3 - e 2 A dx - dx A d£ + cos udyAd£ 
d6 2 = 9 1 A 6 3 + 6 1 A dx + £ 9 3 A dx - s'ma cos udy A d£ 
d6 3 = -8 1 AO 2 - £e 2 A dx + cos a sin u A d£. 

These equations imply that the Vessiot algebra for (|11.6j) is so(3). | 



A On the Prolongation of Integrable Extensions 

In this section we prove statements IE [v] and IE [vii] from Section 2.1. The proof of IE [v] is 
simple. Equation (12.51) also shows that the co-dimension of E in T*P and the co-dimension of / in 
T*M are the same and so the maximal integrable manifolds of £ and I have the same dimension. 
Furthermore since J satisfies the transversality condition (|2.2j) we have &mi(E) n ker (p*) = and 
so p*(ann(S)) — > ann(7) is an isomorphism at each point xo G P. 

We next turn to IE [vii] which we shall prove with a sequence of lemmas. Let <j> : N — > M be 
a submersion, £ be an integrable extension of I, and let J C T*N be an admissible sub-bundle for 
the extension. Note by transversality (I2.2j) . ann(J) is horizontal, and TN = ker(</>„) © ann(J). In 
particular, this implies <f>* : ann( J) — > TM is a bundle map which is an isomorphism on the fibre. 

Lemma A.l. The map 0* : TN — > TM defines a bijection between k- dimensional integral elements 
of £ at x £ N and k-dimensional integral elements of I at <f>(x). 
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Proof. Let x £ N and let E C T X N be a fc-dimensional integral element of £ at x. If 6 £ X x then 
6((p*(E)) — (f>*9(E) — because of the extension property (j)*6 € 5. Therefore 4>*(E) is an integral 
element of I at 0(x). Now since E is an integral element of £ and J C £, we have -E C ann( J^). By 
the transversality condition (|2.2[) £7 n kert/)^* = 0, and so 4>*{E) and £ have the same dimension. 
To show that 0* is onto let E 1 C T^mM be a fc-dimensional integral element of I at 4>{x). Let 

£ = C X (-B') n ann(J) C T X N, (A.l) 

that is E is the subspace of ann(J) which maps by 0* to E'. Clearly by the last line in the first 
paragraph E and E' have the same dimension. We need to check that E is an integral element of £. 
Since £ is generated algebraically by J and <fi*(I) we need to only check cj>*6{E) — for all 9 e I y 
and p{E) = for all p € J x . These are both trivially true and <fi*(E) = E' . Therefore </>* defines a 
bijection on fc-dimensional integral elements. | 

Now suppose that ttn '■ Gk(£) —> A and ttm '■ Gk(T) — > M the space of fc dimensional integral 
element are smooth bundles. As usual A^ — Gk{£) and M'- 1 ' = Gfe(I) denote the prolongation 
space for £ and I. Lemma IA.1I implies the following. 



Corollary A. 2. There is a smooth submersion d>^ : A^ — > A/W defined by 

4> [1] {E X ) = ^{E X ) 
which gives rise to the commutative diagram 

dpi 

N m z y M W 

n N -k m 
A ; y M 



(A.2) 



(A.3) 



and (jPi restricts to a diffeomorphism on the fibres. 

Another way to state this is that TVW = 0*(AfM). 
Lemma A.3. The maps <f$ : ker(7rjv>) — > ker(7TM,») and ttat,* : ker^i 1 ') — > ker(</>*) are isomor- 



phisms, and 



ker(7r A r ! „) nker(0i 1] ) = 0. 



(A.4) 



Proof. The first claim follows because (f>^ is a diffeomorphism on each fibre. Consider equation 
(|A.4|1 . and let Y G ker7rjv !>f n ker^i 1 '. This mean Y is ttn vertical and d&Y — 0. But (jP^ is an 
isomorphism on vertical vectors, therefore Y = 0. 

To prove the second claim, we begin with the fact that ker</)» = 7Tjv,*(ker((7r M o </>W)„)). So if 
X £ kcr</>„, there exists Y € ker(7TM ° with 7T/v>00 = X. By hypothesis f^l^Y is ttm vertical, 
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and since by Corollary ^I 1 ! is a diffeomorphism on the fibre, there exists Z <E T V MV^ which is 
7r/v vertical with (Z) = Y. Then let Y' = Y — Z, and we have TtN,*(Y') — kn,*{Y) — X because 
Z is vertical, and 4>\*\Y') = <j$(Y) — cj)^(Z) — 0. This proves that ttn,* is onto. The fact that -kn,* 
is one-to-one follows easily from equation (|A.4|) . | 

Corollary A. 4. Let E x g T X N be an integral element of £ at x € N then 

s,rm{E x ) — 4>*aiiii((f)*(E x )) © J x . (A. 5) 

Proof. To prove equation (|A.5[) let E' = <fi*(E x ) in equation (| A. 1 1) and take it's annihilator to get 

&rni(E x ) = ann((/)7 1 (<j>*(E x )) + J x = (p*(&wi(<}>*E x )) + J x . 

We then show these two spaces have trivial intersection. This follows from the transversality condi- 
tion for J, (p*TM n J = 0. | 

Let tjv : Gk(£) — > Gk(TN) and lm '■ Gk(X) — > Gk{TM) be the inclusion maps into the Grassmann 
bundles of fc-planes, and let Cn and Cm be the canonical Pfaffian systems on Gk{TN) and Gk{TM) 
respectively. Then, by definition, the prolongation of £ and X are the Pfaffian systems defined by 
£m=i* N (C N ) and XW = i* M {C M ). 

Theorem A. 5. With the submersion </>W : AfW defined in equation (|A.2|) . t/ie EDS is 

an integral extension of ZW . Moreover if J C T*./V is an admissible bundle for the extension £ of 
X, then n M (J) is an admissible bundle for the extension £^ ofX'- 1 '. 

We prove this through two lemmas. 

Lemma A. 6. The bundles E^ and /W satisfy 

£W =7r^(J)©^ 1 ]'*(lW). 

Proof. Let p = E x *E be an integral fc-plane for £ at i e JV. By definition of the canonical 
Pfaffian system, 

£W = 7r^(ann(E x )) (A.6) 

while by equation (|A.2[) . 

i1 Xp) =^m^MME x ))). (A.7) 
Applying corollary IA.4I and the commutative diagram (IA.3I) to equation (|A.6|) , and using equation 
(|A.7j) gives 

4 1 ! = ^(</>*(ann(<^)) © J x ) = ^'V^ (ann(0».E x )) © tt* n {J x ) = <t> [ll *lf (p) © Jr^(J a ), 
which proves the lemma. | 
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Lemma A. 7. n* M X C X^ . 

Proof of \A.h\ We check the transversality condition. If Y € ann(7r^ J x ) n ker^i 1 ' then by Corollary 
IA.3l 7T;v *Y £ ker<^>*, and trivially itn,*Y G ann(J x ). By the transversality of J we have 7^,*^ = 0. 
The fact that tin,* '■ ker^i 1 ' — > is an isomorphism (Lemma I A. 31) implies Y = 0. 

Lemma IA.6I shows that Equation (|2.2p holds at the bundle level. To show that equation (j2.2[) 
holds at the EDS level, we need to show if a G 5(7r^J) then <ier = mod This is a local 

question, so we may assume that we are working on an open set where 

a = A a ir* N a a a a eS{J). 

Then 

da = A a -K* N da a mod it* N J. 

However since J is admissible for the extension £ we have da a — mod J+<p*X. Since tt^jI C X^ , 
by pulling da a = mod J + <fi*X by 7r^, and using the commutative diagram (IA.3I) we have 

da = modTr* N {J) + (/) [1] -*l [1] . 

This proves the theorem. | 



B A Remark on Involutivity 

We begin by recalling some terminology concerning involutive linear Pfafhan systems. Let X be 
an involutive linear Pfafhan system on a manifold M. Then, about each point x £ M , there an open 
set U, a local basis {9 a }i< a < m for X and a local co-frame {8 a , uj 1 , 'K € }\<i< n ,i<e<p for M such that 

d9 a = A% ir e A u* mod I. (B.l) 

For the argument that follows we assume that the co- frame is chosen so that the tableaux A^ has 
the form given by equation (90) of Chapter IV in [5] and we replace the generic 7r e by the so-called 
principle components nf . Let s' k be the last non-zero Cartan character. Then + . . . + s' k = p and 
we let 

et = Tt?+p? j u } i, l<i<j<n a<s' k . (B.2) 

The number of independent functions pfj is t = s[ + 2s' 2 + . . . + ks' k and these define the fibre 
coordinates on the set n : f/M —tU.A local basis for the prolongation of ZM is then given by 

I [1I U =<0°> S?) dm (B.3) 

and a local co-frame on [/W is 

T*U [1] = span{ 8 a , u*, yff, dp% }. (B.4) 
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Lemma B.l. Let fc e the 'prolongation of I on AfW. Then the bundle of one-forms is tt 
semi-basic and tt* I C l' 1 '. If a £ l' 1 ' is a one-form and da\ x is tt semi-basic, then a G I x . 

Proof. We need only demonstrate the last statement. Suppose a is a one-form in satisfying the 
conditions in the statement of the lemma. About each point x € M choose a local co-frame as in 
equation (|B.4|) . There exists smooth functions and S a on [/W such that 

<*\um =J2 T a 9 ? + S ° ()a - (B-5) 

ai 

In order for da to be tt semi-basic at x, it is necessary and sufficient that 

d pb . k - (dT a A 0? + T a dQ a t + dS a A 9 a + S a d6 a )\ x = 0. (B.6) 

Since 9f, u) i and 9 a are tt semi-basic we find that (|B.6|) simplifies to 

((c^ - cOt)0f + T l b Lo k + (d p% - dS a )9 a ) \ x = 0. (B.7) 

However 9f,uj l and 9 a are point-wise linearly independent and so this equation implies T^{x) = 
and therefore a\ x € I x . | 

Corollary B.2. If I is an involutive linear Pfaffian system, thenl^/n =X. 

Remark B.3. We now re-express Lemma fB. II in an alternative form using the co-frame {6 a , ui l , 7r e } 
in equation (|B.1[) . The prolongation is determined by 

& = ir e + s v S e m uj\ (B.8) 

where the smooth functions S' vl on U form a basis for the f-diinensional solution space of the linear 
system 

A^Sfw* Aw* = 0. 

The functions s v define the local fibre coordinates on the prolongation space and = (9 a , 9 € ). 

We show that Lemma fB. II is equivalent to the statement that if k e S^ i = 0, then k e = 0. Suppose 
that k t Sl i (x) — at some point x € U. Then the exterior derivative of the form 

a = kj e = k e (iT e + s v S e m uj l ) 

is 

da\ x = k e (ds v A SliU* + s^dS^ Au i + s v S c vi duj% = k e s v dS e m A u\ (B.9) 

Therefore da\ x is tt semi-basic which by Lemma IB. II implies a € I x . This is clearly possible only if 
only k t — 0. 

Conversely suppose that satisfy the above kernel condition. Let a = T e 9 e + S a 9 a and suppose 
the da\ x is tt semi-basic, that is, 

d sW -> da x = 0. (B.10) 
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On account of the fact the 7r e and 8 a are 7r-basic, equation (|B.10[) becomes 

((0.. - dT e )9' + TeS e wi ^ + (cV - dS a )6 a ) \ x = 0. 

The forms 9 e ,9 a ,uj l are independent, and so T^S 1 ^ = 0. By hypothesis T e = 0, and so a x — (S a 9 a )\ x , 
which yields the conclusion of Lemma IB.ll 

Lemma B.4. If I is an involutive linear Pfaffian system, then jM = n*(I). 

Proof. Let a € I [1]> and use the local co- frame (|B~ij) to write a = T l a 6f + S a a . Then 

da = Tl dva A <J mod jM 
and it then follows that — and hence a £ I. | 

C On the definition of Darboux integrability 



In this appendix we prove Theorem 14.31 The key step to proving Theorem 14.31 is to show that 
the decomposability of T, together with conditions [i] of Definition 14.21 implies that V°° n V°° is 

A v 

an integrable Pfaffian system. Then, since we are assuming that (V n V)°° — { 0}, we deduce that 

yoo n yoo c (f>ny)°° = {0}. 

To prove that 1/ n V°° is an integrable Pfaffian system we shall need a generalization of the 
0-adapted co-frame defined in [3] (page 1917). This co-frame is defined locally in a neighborhood of 
any given point. First choose independent one-forms t = { t 1 , t 2 , . . . , r e } such that 

V°° n V°° = span{r}. 

Extend these by vector-valued (independent) 1-forms fj and fj in such manner that 

V n V = span{r, fj} and VC\V = span{ r, 17 }. 

Then, just as in [3], these forms may in turn be extended (by conditions (|4.6p ) to a local co- frame 
of vector-valued 1-forms { 6, a. <x, fj, 17, r } on M such that 

V = span{ 0, 17, fj, t, a }, V°° = span{ fj, r, & }, 
y = span{ 6, fj, i), t, & }, V°° = span{ ij, r, & }. 



We will call such a coframe 0-adapted. The first step in the proof of Theorem 14.31 is given by the 
next lemma. In what follows we will use the convention that bold face Roman letters such as a, A, 
a, . . . denote array-valued functions and differential forms of the appropriate rank and dimensions. 

Lemma C.l. If { 0, <x, cr,fj, fj, t} is a 0-adapted co-frame, then the forms r (which span V°° fl 
V 00 ) satisfy the structure equations 

dr = a/\T + a 1 fj/\fj + a2a-Afj + a 3 fjAa-. (C2) 
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Proof. The conditions r € V°° and r € V"°° imply, by the Frobenius condition for integrability and 
equations (|C.1I) . that there exists 1-forms a, (3, 7, /x, 1/, £ such that 

dT = a.AT + [3Afi + ~fAd- and ffT^/xAT + i^Arj + ^AiT. (C.3) 

Now the 1-forms t£1' = span{ 8 e } and so, by decomposability condition (|4.5[) . there are no <r A <x 
terms in cither of these structure equations. Hence, after adsorbing the t, fj terms in 7 and the r, 
fj terms in £ into the other coefficients, we may re-write equations (|C.3I) in expanded form as 

dr = a At + 3 Afj + (ciO + c 2 fi + c 3 a) A & and 

(C.4) 

dT = fiAT + uAfj + (Ci9 + C 2 fj + C 3 &) A <x, 

where the C; and C, are 3 dimensional arrays of locally defined smooth functions. For the right- 
hand sides of these equations to be equal we find immediately that C\ = c 3 = C± = C3 = 0. Upon 
adsorbing the r terms in (3 and v into a and /x, we can re- write equations (|C.4|) in expanded form 
as 

dr = a A r + + fo2?7 + b 3 fi + bAa) A fi + Cofi A or, and 

(C.5) 

dr = n A t + {B16 + B 2 i) + B 3 fj + J3 4 <r) A fj + C 2 rj A <x. 

For the right-hand sides of these equations to be equal we further find that b\ = b 2 = B\ — B 3 = 
in which case equation (|C.5[) reduces to (|C2|) . as required. | 

To complete the proof of Theorem [473] we must show that the coefficients a±, a 2 and 03 in (|C.2j) 
vanish and, to this end, we shall need a refined co- frame, generalizing the 1-adapted co-frame of [3]. 
Define 

Inv(y°°) = { / e C°°(M) I df e S(V°°) } and InviV 00 ) = {/ € C°°(M) \ df £ 5(U°°) }. 
Lemma C.2. If f is a locally defined, real-valued function on M such that 

df eS(V) = span{0, fj, f), a,r} 
then df S span{ fj, <r, r }. Likewise, if df £ S(V) = span{ 9, fj, fj, <x, r } then df € span{ 17, a , r }. 

Proof. If df £ S(V), then, by the definition of the infinite derived Pfaffian system, df £ S(V ), and 
the lemma follows follows from equation (|C.1[) . | 

The next lemma gives a preferred 0-adapted co-frame. 

Lemma C.3. Let { 6, <x, &, fj, fj, t} be a 0-adapted co-frame. There exists vector-valued functions 
I\, I 2 , 1 3 £ lirv(V°°), and J\, J 2 , J 3 £ Inv(U°°) and matrix-valued functions E and F such that the 
forms 

(Tq = dl 3 , fj = dl 2 + E&o, o-q = dJ 3 fj Q = dJ 2 + Fa (C.6) 
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may be used to define a O-adapted co-frame {6, r) , rj , <To, (Tqi t }- Moreover, the 1- forms r can 
be expressed as 

t = R (dJi + ^ + T&o) = A {dJ ± + Bi) + C&o), (C.7) 

where i?, A, . . . are smooth matrix-valued functions. The matrices R, A are invertible matrices 
of dimension rank(y°° n V°°). 

Proof. We shall use the following simple observation to choose the functions I and J - if K = 
{ uj 1 , uj 2 , . . . , uj k } is any completely integrable Pfafhan (where the lo 1 are independent 1-forms), 
then there are (locally defined) functions whose differentials will complete any given subset of the 
generators {uj 11 , . . . , to' Lp } to a basis of K. 

Accordingly, choose independent functions I3 £ Inv^ 00 ) such that V°° = span{T, i), dl^} and 
let <To = Then choose independent functions I2 & Inv(V ) such that V — span{x, dli, cto}. 
The 1-forms 17 can therefore be written as 

f\ = Pdl 2 +Gt + H&o, 

where P is an invertible matrix of functions. Let 

fj = P- I {f,-Gr) = dI 2 +Efr 

and note (by ([C])) that fj S V°°r}V and V°° = span{ r, r) , o-q }. Finally, if we choose I\ € Inv(T^°°) 
such that V°° = span{e£Zi, fj , &q} then the first equation in (|C.7I) holds. Similar arguments allow 
us to choose Ji,J 2 , J3 so that ()C6|) and (|C.7I) hold. | 

Remark C.4. The number of invariants I\ and J\ are the same and equals the rank of the bundle 

Lemma C.5. For the co-frame { 9, &q, &q, fj 0l f/ , r } we have structure equations 

dfj = ar A &q + bfj Q A <x + c & A <tq. (C-8) 

Proof. Lemma \C . 31 gives 

dfj Q = dE A <r . 

But, by definition, the 1-forms i) belong to I 1 and therefore, by the decomposability condition 
(|4.5|) . the 1-forms dE contain no ero terms. Lemma [C. 21 then gives dE = ar + bf) n + c&o and (IC.8j) 
holds. I 



Proof of Theorem \4-S\ Equation (|C2[) holds for any O-adapted co-frame, in particular it holds for 
the O-adapted coframe { 6, <xo, <to, i) , r/ , r } constructed in Lemma lC.31 We now compare equation 
(|C.2p with the result of taking the exterior derivative of equation (|C.7j) and utilizing (|C.6j) and (|C.8|) , 

dr = (dR)R- 1 AT + R(dS Afj Q + Sdfj Q + dT A er ) 

(C.9) 

= (dR)R~ 1 At + R(dS Afj + S{ar A <x + bf7 A ct + cff A <r ) + rfT A a ). 
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Now decomposability implies dT is independent of the forms <ro- By Lemma [C.21 dT 6 S(V°°) 
= { r/ , &q, t }. Hence, from (IC9[) . we deduce that there are no terms of the form fj A <5"o in dr. 
Therefore a 3 — in equation (|C.2[) (in the current 0-adapted coframe). A similar argument using 
the expression for t in terms of the invariants J gives 02 = in equation (|C.2[) . leaving 

dr = a A r + aifj A i) . (C.10) 

Returning to equation (|C.9|) . we now conclude, from the absence of the terms fj A<r in (IC.10[) . that 
dS is free of <r terms and so, again by Lemma [C.21 dS G Sty 00 ). Consequently equation (|C.9[) 
implies that dr contains no terms r) A f) and therefore a\ = in equation (jC.lOp . This proves 
that V n V is an integrable PfafHan system which, by the remarks following the statement of 
Theorem Ol shows that V°° n V°° = { }. | 



D Group Actions 

In this appendix we gather together the details of various facts about group actions used in the 
paper. We begin with Remark 13.31 

Theorem D.l. Let G act freely and regularly on M and let H c G be a closed subgroup. Then H 
acts regularly on M . 

Proof. Let pi,p 2 G M and [pi] = q#(pi), [p 2 ] = Qn{p2) G M/N. We show M/H is Hausdorf. If 
p([pi]) 7^ p([P2]) then it is easy to separate [pi] and [p2\ using separating open sets in M/G. So 
supposed we are in the other situation in which case p 2 = a, -pi, but pi ^ H ■ p\ . Let $:[/^[/xG 
be a trivialization, then 3>(pi) = (p, a) and $(^2) = (p, fe) and ab~ x £ H. Since H is closed in 
G, we may separate a and b by 77-invariant open sets A, B in G. Then Ua — $~ 1 (U x A) and 
Ub = < E >_1 (C^ x B) are iJ-invariant open sets in M which don't intersect. Their images (\h{Ua) and 
QiiiUb) separate [p{\ and [p2\- 

In a similar manner using 7r : G — > G/7? the composition (/, tt) o x G/iJ gives rise to 

a map $ : qjj(U) — > U X G/i? which in turn defines a differentiable structure on M/H. | 

In Section 8, we use the following. See also exercise 9 page 134 of [37] , 

Proposition D.2. Let G, H be Lie groups with H connected. Let <fi : H — > G be a smooth map 
satisfying tp(eh) — ec and tp* : h — » q a Lie algebra monomorphism. Then cj> is a homomorphism. 

Proof. Let X be a right invariant vector-field on H and Y the right invariant vector-field on G 
satisfying (j>*(X) = Y. We claim 

(/)(exp(tX)a) = exp(tY)4>(a) ior all t G R, a G H. (D.l) 
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The curve exp(tX)a is the maximal integral curve of X through a and exp(tY)(j)(a) is the maximal 
integral curve of Y through 0(a). The hypothesis <fi*X = Y gives 

4>*{-^j_exp(tX)a) = Y\^ exp (tx) a ) 

and 4>(exp(0 X)a) — 0(a). Therefore 4>(exp(tX)a) is also the maximal integral curve of Y through 
0(a), and so equation (|D.1[) holds. 

We can now show is a homomorphism. Let a, b 6 H , and by the connectivity of H write 
a = U^ =1 exp(tiXi), X{ € /i. Then by IjD.ljl . induction and the fact 4>(eh) = e g we have 

0(a) = ^(Ut^xpiUXi)) = U^expiUY^ieH) = I^^exp^Y,) 

where Yi G g with 0*Xi = 1^. This implies again by equation (ID.1[) that 

<f>(ab) = <p(^ =1 exp(t i X i )b) = n^expiUY^Q)) = <f>(a)<f>(b) 

and is a homomorphism. | 

Theorem D.3. Let H be a connected Lie group acting freely and regularly on N and let G be a Lie 
group acting freely an regularly on M . Suppose <f> : N —> M satisfies 

: T H -> T G (D.2) 

and is a monomorphism of the Lie algebra of infinitesimal generators. Then there exist a homomor- 
phism : H — > G such that 

<b{hp) = 0(/i)$(p). 

That is <£> is H equivariant. 

Proof. Let p € N then by the regularity hypothesis, the map i : H — > M given by 

L p (h) = hp. 

is an embedding. Equation (|D.2|) implies $ot : H —> M satisfies ($06)»TiJ C T G and $(t(e)) = $>(p). 
Therefore <&(l(H)) is contained in the maximal integral manifold of Tq through $(p), and hence 

$(l(H)) C o (*(p)). (D.3) 

Since G acts regularly, the map t : G — > Og($(p)) given by T(g) = (^(p) is also an embedding. 
Therefore $oi induces a smooth map : — > G. In particular by the freeness of the action of G, 
there exists a unique g £ G such that 

$(M = r( ff ) = 5 $(p) (D.4) 
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and by definition 4>(h) = g. Equation (|D.4|) then reads 



$(hp) = 4>{h)$(p). (D.5) 

Let h be the Lie algebra of right invariant vector-fields on H, then : h — > Th is a Lie algebra 
isomorphism. Furthermore : h — » Tg, is a monomorphism, and likewise so is <j>»h — > q. By 

Proposition ID.21 is a homomorphism. 

The homomorphism ip can be constructed for each p G TV, however by the uniqueness theorem 
for homomorphisms (Theorem 3.16 page 92 Warner), </> does not depend on p. Therefore equation 
(|Tl5|) holds for all G N. | 
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